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This dissertation is focused on design, fabrication, characterization, and modeling 
of a unique dual purpose vibration isolation energy harvesting system. The purpose of the 
system is to, simultaneously, attenuate unwanted vibrations and scavenge kinetic energy 
available in these vibrations. This study includes theoretical modeling and experimental 
work to fully characterize and understand the dynamic behavior of the fabricated dual 
purpose system. In the theoretical study, both numerical (Runge-Kutta) and analytical 
(Harmonic Balance Method, HBM) methods are used to obtain the dynamic behavior of 
the system. The system features a combination of mechanical and electromagnetic 
components to facilitate its dual functionality. The system consists of a magnetic spring, 
mechanical flat spring, and dampers. The combination of negative stiffness of the 
magnetic spring with positive stiffness of the mechanical spring results in lowering the 
cut off frequency of the system. Lowering the cut off frequency improves the device’s 
ability to operate in a wider range of frequencies. Results from dynamic measurements 
and model simulation confirm the ability of the device to function in both vibration 
isolation and energy harvesting modes simultaneously. The dual-purpose device is able to 
attenuate vibrations higher than 12.5 [Hz]. The device also produces 26.8 [mW] output 
power at 1g [m/s2] and 9.75 [Hz]. Performance metrics of the device including 
displacement transmissibility and energy conversion efficiency are formulated. Results 
show that for low acceleration levels, lower damping values are desirable and yield 
iv 
higher energy conversion efficiencies and improved vibration isolation.  At higher 
acceleration, there is a trade-off where lower damping values worsen vibration isolation 
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 Description of the problem  
Mechanical vibrations are consequences of natural processes as well as human 
made structures and equipment. These vibrations are in any forms of continuous or semi-
continuous oscillations generated by highway bridges [1], human body motion [2], and 
moving vehicles [3–6]. However, these vibrations may cause damages to structures or 
prevent their operations [7]. The severity of damage depends on different factors i.e. 
intensity of vibration, strength of the structure and vibration duration. To prevent any 
possible damages, vibration isolation systems are deployed to cancel out the undesired 
vibrations from traveling through structures and machineries. In a traditional vibration 
isolation system, elements like spring and damper are designed to prevent oscillation 
from traveling between the source of vibration and the isolated mass [8]. Although, these 
unwanted vibrations carry kinetic energy that is taken off from the oscillation source. 
However, vibration isolation systems turn this energy into wasted heat which conducts 
away to the environment. 
In parallel to progresses in vibration isolation systems, there has been recent 
advances in electronics industries that employs low-power miniature wireless sensing 
technologies [9]. As a result, equipment, structures, and machineries are loaded with 
onboard sensors and gadgets to monitor their health and conditions through measuring 
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their temperature, pressure, stress, strain, humidity, corrosion, etc [9-12]. Moreover, there 
is an increasing trend to deploy advanced technology sensors in the future that are 
integrated into equipment or make a wireless sensor networks for things around us. The 
serious challenge arises from providing power supply to these sensors. That’s where it 
opens up an opportunity for utilizing vibrations experienced by those structures and 
machineries as a power source to operate the onboard sensors. The energy recovered 
from vibration sources is free, abundant and can be converted into electric energy to 
replace or extend the life time of traditional batteries for the usage of onboard sensors and 
gadgets [13, 14]. Therefore, the presented dissertation is focused on developing a dual-
purpose vibration isolation energy harvesting system. This system is supposed to act as 
vibration isolator and energy scavenging system at the same time. Thus, the main purpose 
of the dual-purpose device is preventing vibrations from traveling through the isolated 
mass. Also as a secondary task, it converts some of the energy contained in these 
oscillations into useful electric charge instead of wasted heat. 
 Objective of the work 
The traditional vibration isolation systems terminate the undesired oscillation at 
the cost of converting vibration kinetic energy into waste heat. These systems are single-
functional and are not capable to scavenge usable power from the environment. Besides, 
the traditional vibration isolators suffer from fatigue and failure in their components as 
they mostly utilize mechanical apparatus in their design. The main objective of present 
dissertation is building a dual-purpose vibration isolation energy harvesting system 
capable of preventing vibrations from traveling (as its primary function) and then convert 
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these vibrations into useful electric charge (its secondary function). To achieve to this 
goal, these sub-objectives were taken:  
- Design a dual function vibration isolation energy harvesting system: The basic 
operation of the device depends on applying magnetic spring components to 
isolate the payload mass and induce current in the wrapped coil around the device. 
The faster response to the exerted forces, longer expected life, less chances of 
failure and more smooth operation compared to traditional mechanical spring 
caused to use magnetic apparatus in the design. Then the body of the device 
sketched including all the parts with complete details. In this step, different 
sketches and assemblies were considered and the best configuration was selected. 
- Fabricate the dual function vibration isolation energy harvesting system: The 
device was manufactured using a rapid prototyping technique. The 3D sketch of 
the design converted into readable format by a fused deposition modeling 3D 
printer. Upon assembly of all the parts after printing, other apparatus i.e. magnets, 
coil and mount were fixed in their positions to get the device ready for 
experimental test. 
- Experimental characterization of the dual function vibration isolation energy 
harvesting system: Prior to run any experimental test, the full characterization of 
the device was performed. This characterization includes measuring restoring 
force of the magnets, damping coefficient and resonant frequency of the device. 
Then the experimental tests on the shaker table was accomplished. During the 
vibration test, transmissibility of the system, generated power and voltage were 
measured to validate the results later obtained from modelling.    
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- Modeling of the dual function vibration isolation energy harvesting system: In the 
modeling of the system, a single degree of freedom vibration system with 
nonlinear stiffness component and harmonic vibration input was considered. The 
transmissibility characterization calculated based on both numerical and analytical 
approaches. Also, the simulation on magnetic flux density at the location of the 
coil was performed which was used to model the generated power and voltage of 
the device. Finally, the results from modeling compared to those of experimental 
run in order to make sure about the validity of the model. 
 State of the art 
Recently, there has been growing interest in using dual purpose devices that are 
able to eliminate undesired vibration and scavenging energy from the vibration source at 
the same time. Li et al. [15] experimentally tested a 3D printed metamaterial dual purpose 
device. The design was consisted of a square array of free-standing piezoelectric 
cantilevers to simultaneously harvest energy and isolate undesired vibrations. They 
operated the system within the bandgap to scavenge the vibration energy. The results 
demonstrated that the 3D printed metamaterial is able to suppress the wave propagation 
within the stop band of 146-171 Hz while converts the kinetic energy into electric power 
through piezoelectric elements. The maximum obtained voltage and power was reported 
as 0.22 V and 0.05 µW respectively.  Hu et al. presented an analytical model of a 
vibration isolation energy harvesting acoustic-elastic metamaterial structure [16]. In the 
proposed design, the metamaterial structure was integrated with piezoelectric energy-
harvesting components. The prototype was investigated in both unit-cell and multi-cell 
configurations with two degree of freedom. Each unit cell is modeled as an outer sphere 
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with mass m1 connected to an inner ball with mass m2, including damper and springs with 
coefficients of c1 and k1 connected to the outer mass and c2 and k2 for the inner mass 
respectively. They demonstrated that a double valley-phenomenon results in a band gap 
that can alter the resonant frequency of the system and make the band gap wider. The 
authors also performed a dimensionless parametric study to optimize the performance of 
their model. They concluded that there is a tradeoff in optimization of the device where 
the effect of studied parameters is in opposite direction for suppressing the vibration or 
scavenging the energy.  
Davis and McDowell proposed a passive vibration isolation device that harvests 
energy using post-buckled beam and piezoelectric elements [17]. The buckled beam 
behaved as nonlinear stiffness spring to lower the resonant frequency while there was less 
static deflection. Approximately, 0.36 μW electric power was harvested at 2% 
transmissibility. Their results demonstrated that there is not necessary tradeoff between 
vibration isolation and energy harvesting. Li et al. [18] proposed an energy harvesting 
shock damper system to attenuate vibrations transferred from vehicle-road interaction 
while simultaneously generates electrical power. This study used a mechanical motion 
rectifier rather than an electrical rectifier to generate DC current. The experimental data 
showed over 60% efficiency of the system at high frequency in shock absorption which is 
higher than its traditional models. Also, it was able to generate 15.4 W at 15 mph on a 
smooth paved road condition. Similarly, Ali and Adhikari [19] theoretically studied the 
performance of a vibration absorber device supplemented with a piezoelectric stack for 
power recovery. A closed form formula for optimal frequency ratio based on fixed-point 
theory was proposed. Then, it was proved that there is a relationship between electrical 
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parameters in the model that minimizes the structure vibration. Their study showed that 
the energy harvester module introduced an additional damping into the system. 
Madhav and Ali [20] worked on the feasibility of integrating vibration absorber 
with piezoelectric stack for power generation under stationary Gaussian white noise 
excitations. They used probabilistic linear random vibration theory to solve the model. 
The authors concluded that the recovered energy can be increased when the mass of the 
structure increases. So, the generated power from large structures like bridges is enough 
to power the sensors that are installed on them. Tang et al. [21] worked on the recovery of 
vibration energy from tall buildings using active tuned mass dampers and 
electromagnetic harvesters. The control unit of the energy harvesting circuit was able to 
switch between three different modes as semi-active, self-powered active and passive-
matching configurations. The experiments were run on a three story prototype building 
leading to 60 mW power generation at 3.3 Hz when the system was excited by a 
harmonic force of 15 N. They concluded that the semi-active and self-power active 
control system outperform in attenuating the vibration compare to the passive one.  
Buelga et al. [5] both analytically and experimentally investigated the concept of 
energy recovery from a tuned mass damper system using an electromagnetic transducer. 
They used adaptive and semi-active control system and concluded the better performance 
of the semi-active controller compare to the adaptive control system. The harvested 
energy above 50 mW for both semi-active and adaptive controllers was reported while 
the performance for semi-active was 8% and the adaptive controller reached to 3% 
performance. The maximum power available to harvest for adaptive control system was 
about 0.45 W. The authors concluded that the performance of vibration isolation energy 
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harvester will be enhanced if the coil resistance and parasitic damping of the device 
reduces. 
It also showed that the transmissibility’s peak was reduced in a system with both 
magnetic and spiral flexural springs compare to a system with only magnetic negative 
stiffness spring. Moreover, a dual-purpose device was developed to isolate micro 
vibrations and harvest energy from micro-jitters of a cooler during satellite on-orbit 
operation [1, 7]. To demonstrate the feasibility of these dual functioning devices, the 
authors used a tuned mass damper integrated with electromagnetic elements to isolate the 
vibration and scavenge the energy at the same time. The dual-purpose device was able to 
isolate the primary jitter level of the cooler by a factor of 10.8 and recovered 5.84 µW of 
vibration energy into electric energy.  
Monaco et al. [22] worked on a semi-active controller and introduced time-
dependent damper to improve the performance of the device. An optimization technique 
was utilized as a function of the excitation frequency and the numerical and analytical 
results compared together. The analytical results showed that the average power of the 
presented device at 50 Hz was 0.180 mW, compare to 0.11 mW for that of passive 
system. Also, the average harvested energy at 80 Hz for passive and time-varying damper 
was respectively 0.495 and 0.769 mW. However, the transmissibility of the device is 
above one at 80 Hz and it does not behave as a vibration isolator anymore. Chitba et al. 
[23] proposed a flexible structure with piezoelectric elements and absorbers for isolation 
and harvesting energy simultaneously. They used a numerical approach, Galerkin 
procedure, to optimize the design in which the aim was defined to minimize the total 
energy of the uncontrolled structure. A set of factors as stiffness, mass, load resistance 
8 
and damping coefficient were used with initial values and a code was developed to 
update these parameters to minimize the total energy in the structure. They concluded 
that their design is able to confine undesired vibration and harvest electrical power at the 
same time. In another study, a hydraulic electromagnetic shock absorber was studied by 
Fang et al. [24]. The device was tested under a sinusoidal excitation with 10 Hz 
frequency and 3 mm peak amplitude. The recovered energy under these conditions was 
about 200 W within 16.6% efficiency of the device. However, they analytically proved 
that the energy loss will be decrease when the inner diameter of pipelines increases. 
During the test, the average of rotational speed of the motor was 1100 rev/min with 
working volume of hydraulic of 5.5 cc/rev. Also, they claimed that the energy 
regenerative characteristic of the device depends on the pressure drop on check valve of 
the hydraulic rectifier. Ding et al. [25] proposed a hybrid electromagnetic suspension 
with modified skyhook control that was able to regenerate energy and isolate the 
vibration. The proposed device had two working forms as passive and active control 
modes. The effect of damping on both vibration isolation and energy harvesting was 
discussed. The simulation results showed that the vibration isolation in the hybrid 
electromagnetic suspension has improved by 22.2% compared to that of only passive 
suspension. The authors used body acceleration and the taken energy indexes to evaluate 
the vibration isolation and energy regeneration of the system. The instantaneous energy 
of the system for a device with 1.82 m/s2 body acceleration was 1185 J at frequency 
range 0.5-8 Hz. Pei et al. [26] studied multi-resonant electromagnetic shunts for vibration 
isolation energy harvesting system. They compared multi-mode resonant shunt with 
single resonant shunt circuit to show the effectiveness of their design. The authors run a 
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numerical study on a case study including a base-isolated building with primary mass of 
1315417 kg and base mass of 789250 kg. The time period of the fixed-base building 
supposed to 0.85 s and the building was exposed to two forms of earthquake within 
frequency range 0-3 Hz. Two earthquake forms considered as the Northridge earthquake 
which occurred in 1994 in Reseda, California with peak amplitude of 0.6 g, and the 
second form was Kobe earthquake which occurred in 1995 in Japan with ground 
acceleration with peak amplitude of 0.8 g. Under Northridge earthquake loads, the total 
average power obtained during the earthquake was 203.37 Kilowatts. However, under 
Kobe earthquake, the total average harvested power was 101.26 Kilowatts. The time 
history response of the isolated base under Northridge and Kobe earthquake showed that 
the peak of relative displacements of the building were around 0.15 m and 0.08 m 
respectively.  The authors run the experiments under scaled Northridge and Kobe 
earthquakes and showed that the design can effectively suppress the vibration and reduce 
the displacement peak value by 31.72% and 72.81% for single and multi-mode shunt 
circuits respectively. The generated voltage in experiments was 30 mV and 18 mV under 
scaled Northridge and Kobe earthquake models respectively. Kan et al.  [27] theoretically 
and experimentally worked on a piezohydraulic vibration isolator that was able to harvest 
the energy as well. They discussed on the advantages of the design including ability to 
reduce/tune the resonant frequency and improvement of the output power. A fabricated 
prototype experimentally tested and it was showed that the maximal voltage and 
bandwidth can be tuned with changing the backpressure and proof mass. The minimal 
optimal frequency of 13 Hz with the relative voltage of 81.6 V at 0.2 MPa and 10 Kg 
proof mass was reported. Huang et al. [28] discussed on development and optimal design 
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of an energy regenerative suspension system.  The optimal design was aimed to 
determine the damping and stiffness coefficients for optimum performance with comfort 
riding and energy harvesting metrics. They considered the actual road roughness 
regulations and applied a low power switch mode rectifier circuit to vary the damping 
coefficient in the real-time mode to adapt to the optimum performance. The experiment 
performed on a 1-DOF quarter-car prototype, a DC motor and a ground ball screw 
utilized to convert the vertical movement to the rotary motion. The authors demonstrated 
that the system’s response under highway driving condition with optimal damping 
coefficient can lead to absolute peak acceleration of 20m/s2 with approximately 
maximum generated power of 10 W. In another study, a semi-active vibration isolator 
with magnetorheological damper was utilized by Sapinski [29]. In this work, the 
harvested energy from structural vibration is used to control the damping coefficient of 
the system. The experimental results compared to a passive system, when 
magnetorheological (MR) damper was off-state, and also a system with external power 
supply. The tests demonstrated that the regenerative energy can supply the required 
power for a MR damper. The testing machine run with a sine displacement excitation of 
amplitude 6 mm and frequency range 0.5-6.5 Hz. The resonant frequency of the system 
was 5 Hz in which a significant vibration reduction was reported in the nearby of the 
resonant frequency compared to the passive configuration. 
 Structure of dissertation 
In the following chapters, in chapter 2 a nonlinear stiffness- nonlinear damping 
system is analyzed analytically. In chapter 3, a vibration isolator system with elastic and 
11 
magnetic stiffness components is studied. In chapter 4, a vibration isolator energy 







DISPLACMENT TRANSMISSIBILITY EVALUATION OF 
VIBRATION ISOLATION SYSTEM EMPLOYING          
NONLINEAR DAMPING AND NONLINEAR                             
STIFFNESS ELEMENTS 
 
The current chapter discusses on a vibration isolation system with both nonlinear 
damping and nonlinear stiffness elements. The author has used parts of the current 
chapter in the research article, “Displacement Transmissibility Evaluation of Vibration 
Isolation System Employing Nonlinear-Damping and Nonlinear-Stiffness Elements “by 
S. M. Mahdi Mofidian and H. Bardaweel, published in Journal of Vibration and Control, 
Volume 24, issue 18 (2018) which is adapted with permission from SAGE. 
 Introduction 
Unwanted oscillations commonly encountered in engineering practice can be 
harmful and problematic. For example, undesirable vibrations produced by mechanical 
systems inside spacecraft may persist for an extended duration in a micro-gravity 
environment [30]. These small oscillations may deteriorate the working environment of 
onboard instruments, and prevent astronauts from reading instrument panels and 
operating switches precisely due to blurry vision [2]. Vibration isolation systems are used 
to attenuate unwanted vibrations.  Examples of vibration isolation systems include shock 
absorbers used for vehicle ride comfort [31-33].   In its simplest form, a vibration 
isolation system is made of flexible supporting mechanism, i.e. linear spring, and an 
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energy dissipation mechanism, i.e. damper, connected to the isolated mass. The kinetic 
energy carried by vibrations is converted into heat before it is dissipated through the 
damper.  Nonetheless, a linear vibration isolation system is most effective over narrow 
frequency bandwidth and when the excitation frequency is well above its natural 
frequency [34].  However, unwanted oscillations commonly encountered in engineering 
practice are made of wideband low frequency spectrum. This includes shocks and 
random and chaotic excitations transmitted to structures and machinery including 
spacecraft, buildings, bridges, and automobiles [34]. For a fixed mass, a vibration 
isolation system with soft spring suffers from undesired large static deflections. As a 
result, nonlinear approaches [35-38] including nonlinear damping [39-45], nonlinear 
stiffness [38, 46-49], and geometric nonlinearities [50-52] have been investigated to 
overcome the major design constraints facing linear isolation systems.  The nonlinear 
design of a vibration isolation system offers few advantages over a linear design [34]. A 
nonlinear design has the promise to attenuate unwanted oscillations at lower and wider 
frequency band.  
Several studies have investigated nonlinear approaches towards vibration isolation 
using both numerical and experimental techniques. Reviewing the massive literature on 
this subject is beyond the scope of this article. Nonetheless, Liu, C et al. [30] and 
Ibrahim, R [34] provide a thorough and detailed review of the subject.  For instance, 
researchers have investigated the effect of nonlinear cubic viscous damping on vibration 
isolation systems [39, 40, 42, 43]. Jing et al. studied the effect of a simple nonlinear 
damping element on the performance of a vibration isolation system subject to periodic 
excitation [40]. Jing and Lang [41] performed a theoretical study on effects of cubic 
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nonlinear damping on a vibration isolation system with linear stiffness element using a 
dimensionless model subject to a harmonic excitation. Results show that the cubic 
nonlinear damping element has little effect on the response of vibration isolation system 
away from resonant frequency. Frequency domain analysis [40] and transmissibility of a 
nonlinear damping element [44-45] in a vibration isolation system with linear stiffness 
have been also investigated. 
Another nonlinear approach is a design that combines positive stiffness and 
negative stiffness elements and known as the quasi-zero-stiffness (QZS) vibration 
isolation system. QZS is considered as a promising approach towards nonlinear design of 
vibration isolation systems [53-55].  The QZS design is characterized by its ability to 
support large static loads due to its high static stiffness, while simultaneously maintaining 
small dynamic stiffness [46, 57]. Consequently, the QZS offers lower resonant frequency 
and wider frequency bandwidth compared to a linear design. QZS vibration isolation 
systems using vertical springs connected to horizontal oblique springs [30, 55, 56], 
extreme geometric nonlinearities [50-52], and magnets [30, 46-49] have been proposed 
and investigated. For example, a bio-inspired limb-like nonlinear vibration isolation 
system has been proposed and modeled by Wu and Jing [58]. In their analysis, the legs of 
grus japonensis were modeled as a single-degree-of-freedom vibration isolation system 
with stiffness nonlinearities. Results showed beneficial stiffness nonlinearities providing 
quasi-zero stiffness. Sun and Jing proposed a three-dimensional symmetrically scissor-
like QZS isolation system employing both stiffness and damping nonlinearities [35]. 
Their theoretical analysis and comparative study demonstrated improved vibration 
isolation characteristics in multi-direction due to geometric nonlinearities. Nonetheless, 
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these standard QZS designs face challenges including frequency jump phenomenon 
induced as a result of stiffness nonlinearities introduced into the system and instability 
induced as a result of negative stiffness [35].  
Considering the advantages of the QZS vibration isolation system, in this work a 
cubic nonlinear damping element in the presence of a nonlinear magnetic spring (with 
positive stiffness) and oblique mechanical springs (with geometric nonlinear negative 
stiffness) in a QZS vibration isolation system is theoretically investigated. A system with 
similar structure may be used in active/semi-active vibration isolation or multi-function 
energy harvesting [5, 17, 19] where the oscillating magnet mass can be used to generate 
useful electric charge.   The generated electric charge may be stored in batteries or used 
to, actively, adjust damping properties of the isolation system. To the best knowledge of 
authors, only the effect of linear viscous damping in presence of a nonlinear stiffness 
element in QZS design has been investigated [35, 38]. Although the intentionally 
introduced damping nonlinearities add to the complexity of the analysis of the vibration 
isolation system [41] it may have major effects on the performance of a standard QZS 
vibration isolation system. In this work, we theoretically investigate a design based on a 
QZS system with nonlinear stiffness elements combined with a nonlinear damping 
element. The Harmonic Balance Method (HBM) is used as the mathematical technique to 
solve the governing dynamic equation of the system. Results from HBM are compared to 
those obtained from numerical techniques. Moreover, the results from this study are 
compared against standard vibration isolation systems. 
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 System description and structure     
Here we consider a representative design of a vibration isolation system shown in 
Figure 1. A total mass, m, made of isolated object and levitated magnet mass is vertically 
aligned using mechanical springs, n, with linear stiffness, 𝑛𝑘𝑠, from wall sides. The 
levitated magnet is positioned between bottom and top (optional) stationary magnets as 
shown in Figure 1. The repulsive magnetic force developed between matching poles of 
levitated and fixed magnets is described with a nonlinear magnetic springs, 𝑘𝑚1 & 𝑘𝑚3 
[59-61]. Figure 2 shows model schematic of the described system. Nonlinear viscous 
damping of nth power has been demonstrated and achieved using few techniques reported 
in literature [62, 63] including fluid flow through an orifice [64] and magnetorheological 
fluid flow [65-67].  
 
 
Figure 1. Representative schematic of described nonlinear-stiffness nonlinear-damping 
vibration isolation system 
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For the sake of general analysis in this article, the small orifices shown in Figure 
1, presumably, introduce nth power nonlinear viscous air damping into the system 
described using 𝐶1 and 𝐶3, respectively. Additional forms of damping such as coulomb 
dry-friction damping [3, 68] and electric damping [59] may be introduced into the system 
design.  However, these forms are left for future work and investigation. It should be 
noted that the goal of this work is not to model a specific vibration isolation device or to 
examine different forms of damping present in a particular vibration isolation device.  
 
The main goal of this work is to design and analyze a vibration isolation system 
employing cubic nonlinear viscous damping in presence of nonlinear stiffness element, 
and investigate their effect on performance of the vibration isolation system.  
Figure 2. Dynamic model of the vibration isolation system in response to harmonic base-
excitation 
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 Static characterization of a system with “n” oblique springs  
The unique arrangement of the levitated magnet and the oblique springs, shown in 
Figure 1, produces desirable stiffness nonlinearities in the system [69]. In addition to the 
positive nonlinear stiffness introduced by the magnetic spring, the oblique mechanical 
springs produce geometric nonlinearity and negative stiffness [69]. For static condition, 
i.e. y=0, the force of a single oblique mechanical spring along its axis is given by 
 ℱ𝑠 = 𝑘𝑠 (√𝜒2 + 𝑎2 − 𝑎0) Eq. (1) 
The nomenclature of the letters and symbols is described in Appendix A. The total 
oblique mechanical springs forces in vertical direction is given by 
 𝐹𝑠 = 𝑛ℱ𝑠 sin 𝜓 = 𝑛𝑘𝑠(√𝜒2 + 𝑎2 − 𝑎0) sin 𝜓 Eq. (2) 
where sin 𝜓 =
𝜒
√𝜒2+𝑎2
 . Further simplification yields  
 𝐹𝑠 = 𝑛𝑘𝑠 (1 −
𝑎0
√𝜒2 + 𝑎2
) 𝜒 Eq. (3) 
The magnetic spring force is estimated numerically [70,71] and fit to nth order 
polynomial [60,72] of the form:  
 𝐹𝑚𝑎𝑔 = 𝑘𝑚1𝜒 + 𝑘𝑚3𝜒
3 Eq. (4) 
Using equations (3-4) the total restoring force in vertical direction is given by 
 𝐹𝑡 = 𝑛𝑘𝑠 (1 −
𝑎0
√𝜒2 + 𝑎2
) 𝜒 + 𝑘𝑚1𝜒 + 𝑘𝑚3𝜒
3 Eq. (5) 
Introducing non-dimensional parameters 𝛼 =
𝑘𝑚1
𝑛𝑘𝑠




   , ?̅? =
𝜒
𝑎0












 + 𝛼) ?̅? + 𝛽?̅?3 Eq. (6) 
In addition, non-dimensional total stiffness, ?̅? is defined as 








+ 𝛼 + 3𝛽?̅?2 Eq. (7) 
Figure 3 shows non-dimensional overall stiffness, ?̅?, obtained from (7) for different non-
dimensional parameters 𝛼, 𝛽, and 𝜎.  The ratio of the two linear stiffness coefficients, i.e. 
 𝑘𝑚1  and 𝑛𝑘𝑠, respectively, is denoted by 𝛼. The ratio of nonlinear magnetic stiffness, 
 𝑘𝑚3, to linear spring stiffness, 𝑛𝑘𝑠, is denoted by 𝛽.  The initial inclination angle, 𝛹, of 
the mechanical spring is described using 𝜎.  
Figure 3.  Non-dimensional total stiffness, ?̅? of vibration isolation design versus non-
dimensional displacement ?̅?. (a) Effect of 𝛼 (𝛽, 𝜎 = 0) (b) Effect of 𝛽 (𝛼, 𝜎 = 0) (c) Effect 
of 𝜎 (𝛼, 𝛽 = 0)   (d) Effect of 𝜎 with 𝛼, 𝛽 = 0.5. 
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Figure 3 shows the effect of each parameter and its contribution to the overall stiffness of 
the vibration isolation system. As 𝛼 is increased, the overall stiffness increases linearly as 
shown in Figure 3a. This is expected as a traditional linear spring shows a constant 
stiffness value along the displacement line, ?̅?. An increasing nonlinear relationship 
between the restoring force, ?̅?𝑡, and the displacement, ?̅?, is observed in (6) as 𝛽 is 
increased. This results in an increasing nonlinear stiffness observed in Figure 3b. With 𝛼 
and 𝛽 suppressed (𝛼, 𝛽 = 0), the system demonstrates a negative stiffness behavior as 
shown in Figure 3c. The combination of magnetic and oblique, mechanical springs can 
produce a unique stiffness profile as shown in Figure 3d. The system exhibits a negative 
stiffness behavior for 0 < 𝜎 < 0.5 for fixed linear and nonlinear stiffness parameters 
𝛼, 𝛽 = 0.5. This can be achieved by adjusting the separating distance between the 
levitated and stationary magnets via screw mechanism until the desired behavior of the 
system is achieved. A hardening system can be achieved in a similar fashion by tuning 
the distance between the magnets or by increasing the spring inclination, 𝛹, for 𝜎 > 0.5.  
 Nonlinearity analysis 
Figure 3 shows the nonlinear characteristics of the total stiffness of the described 
system.  To get further insights into the nonlinearity of the system, a third order Taylor 
series approximation is used to describe the oblique mechanical spring force, 𝐹𝑠, in (3) for 























where 𝐹𝑠,𝑎 indicates a 3
rd order approximation using a Taylor series expansion for the 
restoring force. Further, the non-dimensional total restoring force in the vertical direction 
described in (6) and (8) becomes 
 ?̅?𝑡,𝑎 = 𝛼?̅? + (
1
2
𝛾3 + β) ?̅?3 Eq. (9) 
where ?̅?𝑡,𝑎 is an approximation of the non-dimensional total restoring force using a 
Taylor series expansion. The approximate non-dimensional stiffness, ?̅?𝑎, based on the 
Taylor series expansion becomes 
 ?̅?𝑎 = 𝛼 + 3 (
1
2




. Using the method described by Wu et al. [46] to estimate the stiffness 
nonlinearity of the described system, the nonlinear component is compared to the linear 
component of the total stiffness, ?̅?𝑎, described in (10). This results in the nonlinearity, Λ, 
of the system defined as 




3 + β) ?̅?2
𝛼
| Eq. (11) 
Figure 4 evaluates the deviation of the Taylor series approximation compared to 
exact calculations of total stiffness and total restoring force of the described system, 
respectively. Figure 4 shows non-dimensional total spring force, ?̅?𝑡 & ?̅?𝑡,𝑎, versus non-
dimensional displacement, ?̅?,  calculated using (6) and (9), respectively.  Figure 4 reveals 
that for small displacements, ?̅?, the Taylor series approximation is comparable to the 
exact solutions. However, deviation between approximate and exact force appears at 
higher displacements, ?̅?. This is expected since Taylor series expansion was performed 
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near ?̅? = 0. Deviation also increases for smaller values of the ratio 
𝛽
𝛾3
= 𝛽𝜎3.  This 
behavior can be explained in light of set (5-10). 
 
The non-dimensional parameter, 𝛽, describes the nonlinearity of magnetic spring 




.  The geometric nonlinearity 
of the oblique springs is described using the non-dimensional parameter, 𝜎 =
𝑎
𝑎0
.   Thus, 
as 𝛽 increases, geometric nonlinearity of oblique springs, 𝜎3, becomes less significant 




. As a result, the 
contribution of oblique spring approximated force (8) becomes less significant compared 
Figure 4. Deviation of Tayler series expansion from exact solution of non-dimensional 
total force (, ?̅?𝑡 & ?̅?𝑡,𝑎). 
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to the total spring force given in (9). The estimated nonlinearity of the system, obtained 
using (11), is shown in Figure 5.  
 
Figure 5.  Nonlinearity, Λ of described nonlinear-stiffness nonlinear-damping vibration 
isolation design. (a) Effect of 𝛼.( 𝛽 = 𝛾 = 0) (b) Effect of 𝛽. ( 𝛼 = 1𝑒−6, 𝛾 = 0) (c) 
Effect of 𝛾. (𝛼 = 1𝑒−6, 𝛽 = 0) and (d) Effect of  𝛾. ( 𝛼, 𝛽 = 0.5). 
The effect of magnetic spring non-dimensional parameters, 𝛼 and 𝛽,  is shown in 
Figure 5 a-b. The linear stiffness parameter, 𝛼, has no effect on the nonlinearity of the 




 , increases the overall 
nonlinearity of the system. This is because a larger 𝛽 manifests the effect of nonlinear 
stiffness of the magnetic springs, 𝑘𝑚3.  The effect of oblique mechanical springs on total 
nonlinearity of the system is shown in Figure 5c. Figure 5c shows that the nonlinearity 
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improves for larger 𝛾, corresponding to oblique springs inclination in the range 0 < 𝜎 <
1. Thus, a combination of mechanical oblique springs and magnetic springs, shown in 
Figure 5d, enhances the total nonlinearity of the system compared to their individual 
counterparts. 
 Dynamic and non-dimensional analysis  
Figure 2 shows the dynamic model of the vibration isolation system for base 
excitation, y. Upon harmonic base excitation 𝑦 = 𝐴 sin(𝜔𝑡 − 𝜑) the total mass, m, 
moves with relative displacement, 𝜒 = 𝑥 − 𝑦, at time, 𝑡 + ∆𝑡.  The dynamic behavior of 
the moving mass, m, is described using conservation of momentum, i.e. Newton’s second 
law, and given by 
 𝑚?̈? + 𝑐1?̇? + 𝑐3?̇?




3 = −𝑚?̈? Eq. (12) 
where (∎̇) represents the time derivatives. Rewriting (12) in non-dimensional form for a 

































Non-dimensional velocity and acceleration of the moving mass are defined as ?̇? =
𝑎0𝜔𝑛?̅?
′, ?̈? = 𝑎0𝜔𝑛







   .  
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 Analytical solution 
To gain more insights of the dynamic behavior of the system the Harmonic 
Balance Method (HBM) is used to approximate the displacement transmissibility, 𝜂, of 
the vibration isolation system subject to sinusoidal excitation of the form ?̅?Ω2 sin(Ω𝜏 −
𝜑) .  Using (8) and the non-dimensional form of the equation of motion (12) yields 
 ?̅?′′ + 2𝜉1?̅?
′ + 2𝜉3?̅?






+ 𝛽)?̅?3 = ?̅?Ω2 sin(Ω𝜏 − 𝜑) Eq. (14) 
Next the response of the system is assumed to be dominated by the first harmonic of 
amplitude, and given by  
 ?̅?(𝜏) = ?̅? sin(Ω𝜏)  Eq. (15) 






(∎) into (14) yields 








+ 𝛽)?̅?3 sin3(Ω𝜏) = ?̅?Ω2[sin(Ω𝜏) cos (𝜑) −
cos(𝛺𝜏) sin(𝜑)  
      Eq. (16) 
Applying trigonometric relations and taking up to the first harmonic term yields  






















Further, substituting (17a-b) into (16) results in 
 











+ 𝛽)?̅?3 sin(Ω𝜏) = ?̅?Ω2[sin(Ω𝜏) cos (𝜑) −
cos(𝛺𝜏) sin(𝜑)  
Eq. (18) 
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Equating the coefficients of sin(Ω𝜏) and cos(𝛺𝜏) results in  












3?̅?3 = −?̅?Ω2 sin(𝜑) 
 Eq. (20) 
Further simplification yields  










3?̅?3]2 = ?̅?2Ω4  Eq. (21) 
Displacement transmissibility is then defined as 
 















 Eq. (22) 
In order to verify the validity of the HBM, a numerical simulation is conducted 
using forth order Runge-Kutta method. The model’s validation is examined in Figure 6 
which shows transmissibility, 𝜂, of the vibration isolation system versus non-dimensional 
frequency, Ω. Both analytical and numerical solutions are shown in Figure 6. For 
comparison, transmissibility of linear system, i.e. ?̅?′′ + 2𝜉1?̅?
′ + ?̅? = ?̅?Ω2 sin(Ω𝜏 − 𝜑), is 
also shown. Table I lists non-dimensional parameters used in model simulation. Figure 6 
shows good agreement between numerical and analytical solutions for the nonlinear 
vibration isolation system. Moreover, the superiority of the proposed nonlinear vibration 
isolation system compared to a linear system is evident around the resonant peak, i.e. 
Ω = 1. The linear system, expectedly, has resonant peak at Ω = 1.  
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Figure 6.  Displacement transmissibility (𝜂) of examined nonlinear-stiffness nonlinear-
damping vibration isolation system compared to linear vibration isolation system. 
However, Figure 6 shows that the proposed nonlinear-damping nonlinear–
stiffness vibration isolation system is more effective, compared to the linear system, in 
attenuating vibrations around resonance. The nonlinear vibration isolation system shows 
comparable vibration isolation characteristics at excitations lower than resonant 
frequency.   
The effect of nonlinear damping, 𝜉3, on displacement transmissibility is examined 
in Figure 7. Figure 7 shows that increasing the nonlinear damping, 𝜉3, can suppress 
displacement transmissibility at higher frequencies by eliminating the undesired 




Figure 7.  Effect of nonlinear damping ratio, 𝜉3, on displacement transmissibility, 𝜂, 
(𝜉1 = 0.1). 
This is in agreement with the observations made by Daolin Xu et al. [40] and [64] 
Tehrani & Elliott. That is, both Daolin Xu et al. [38] and Tehrani & Elliott [62] noted that 
frequency jump phenomena is greatly affected by damping properties of the system. The 
superiority of the proposed vibration isolation system design is evident. Compared to a 
linear vibration isolation system, introducing additional damping nonlinearities 
suppresses displacement transmissibility not only around resonant frequencies, Ω = 1 but 
also at higher frequencies, Ω > 1. The ability to attenuate higher frequencies is a 
desirable characteristic in vibration isolation systems. Next, the effect of stiffness 
nonlinearities introduced by the oblique mechanical springs and magnetic spring is 
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examined.  Figure 8 shows four different designs considered here to examine stiffness 
nonlinearities. A typical linear-damping linear-stiffness vibration isolation system 
(Design A) is shown for comparison.  Designs B, C and D implement vibration isolation 
systems with different sources of stiffness nonlinearities. 
Linear and nonlinear damping is present and fixed, i.e. 𝜉1 = 0.1 , 𝜉3 = 1, 
respectively, in Designs B, C and D. However, Designs B, C and D have different 
sources of stiffness nonlinearities. Design B is described in (12) and has both oblique 
springs and a magnetic spring. Design C considers stiffness nonlinearities due to a 
magnetic spring only. Design D considers geometric stiffness nonlinearities due to 
mechanical oblique springs only. Figure 9. shows displacement transmissibility, 𝜂, for 
the four designs (A-D). The figure reveals the effectiveness of the combined nonlinear-
damping nonlinear stiffness design (Design B) in suppressing vibrations across large 
frequency bandwidth. For Design C, when stiffness nonlinearities are only attributed to 












the magnetic spring, displacement transmissibility increases significantly, compared to 
Design B. This is due to the absence of geometric negative stiffness nonlinearities 
introduced purposefully in Design B using oblique mechanical springs. On the other 
hand, the absence of large stiffness nonlinearities, 𝑘𝑚3, introduced by the magnetic 
spring is evident in displacement transmissibility of Design D.  
 Figure 8.  Comparison of four different vibration isolation designs: Linear system (A). 
Nonlinear-stiffness due to oblique springs and magnetic spring and nonlinear-damping 
(B). Nonlinear-stiffness due to magnetic spring and nonlinear-damping (C). Nonlinear 
stiffness due to oblique springs with nonlinear damping. 
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Compared to Design B, where both oblique springs and magnetic springs are 
present, Design D shows little impact on displacement transmissibility around resonance, 




Figure 9.  Displacement transmissibility (𝜂) versus non-dimensional frequency (Ω), 
for Design A, B, C, and D. (𝜉1 = 0.1 , 𝜉3 = 1). 
Figure 10 compares performance of described nonlinear-damping nonlinear-
stiffness vibration isolation system to standard QZS system and linear system. Around 
resonance, i.e. Ω = 1, both QZS system and described nonlinear-damping nonlinear-
stiffness vibration isolation system appear to perform better in comparison to a linear 
vibration isolation system. In addition, both QZS and proposed nonlinear system have 
similar characteristics at lower frequencies, i.e. Ω < 1. At higher levels of excitations, i.e. 
Ω > 1, displacement transmissibility of described nonlinear vibration isolation system 
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decreases significantly, compared to QZS. The proposed nonlinear vibration isolation 
system appears to eliminate the frequency jump down phenomena traditionally inherited 
in standard QZS vibration isolation systems. This observation is, also, in agreement with 
results from Figure 7.  
 
Figure 10.  Displacement transmissibility (𝜂) of proposed nonlinear-stiffness nonlinear-
damping Design B compared to standard QZS and linear vibration isolation systems, 






THEORETICAL STUDY AND EXPERIMENTAL IDENTIFICATION 
OF ELASTIC-MAGNETIC VIBRATION ISOLATION SYSTEM 
 
The current chapter discusses on theoretical and experimental study of an elastic-
magnetic vibration isolation device. The author has used parts of the current chapter in 
the research article, “Theoretical study and experimental identification of elastic-
magnetic vibration isolation system “by S. M. Mahdi Mofidian and H. Bardaweel, 
published in Journal of Intelligent Material Systems and Structures, Volume 29, issue 18 
(2018) which is adapted with permission from SAGE. 
 Introduction 
Engineers have been dealing with ambient vibrations and oscillations generated 
by mechanical systems for over a century [5,6]. These vibrations may damage structures 
and machines or obstruct their operations. Hence, vibration isolation systems are used to 
prevent oscillations from traveling through equipment, structures, and machines that are 
susceptible to vibrations. Reviewing the massive literature on this subject is beyond the 
scope of this work.  In this article, we briefly discuss the main advancements of recent 
vibration isolation systems. Nonetheless, Liu, C et al [30] and Ibrahim, R [34] provided 
detailed reviews on the subject of vibration isolation.  Rivin also reviewed the 
fundamental information related to the design and operation of vibration isolation 
systems [4, 73].  Collette et al. performed a comprehensive review on recent patented 
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developments in active seismic vibration isolation systems [74]. Additionally, a survey of 
advances in vibration attenuation and control for space application was performed by 
Winthrop and Cobb [75].   
Largely, vibration isolation systems can be characterized as linear and nonlinear 
vibration isolation systems [76,77]. A classical linear vibration isolation system uses a 
resilient stiffness element and energy dissipation element to absorb oscillations or 
obstruct their path [8]. Using this linear spring-mass-damper system, undesired vibrations 
are suppressed and dissipated via the damper into waste heat that is conducted away to 
the surrounding.  However, traditional linear vibration isolation systems face major 
obstacles.  Linear isolation systems are effective when the oscillation frequencies are well 
above their resonant frequency, i.e. √2 𝜔𝑛. A low resonant frequency isolation system of 
a fixed mass requires a soft spring [17]. This results in unavoidable higher static 
deflections. Additionally, several engineering structures and machines are subject to 
broadband oscillations with low frequency components.  This includes shocks and 
random and chaotic disturbances transmitted to structures and machines including 
spacecraft, buildings, bridges, and automobiles [34]. This poses significant obstacles on 
design of linear vibration isolation systems.  
Nonlinear approaches have been proposed as alternative route for traditional linear 
isolation systems. Stiffness nonlinearities [36,38,47,52] and damping nonlinearities 
[43,61,78] have been explored as techniques to improve isolation characteristics of 
vibration isolation systems. For instance, Bian and Jing proposed a passive bio-inspired, 
limb-like nonlinear vibration damper [79].   Their experimental and theoretical studies 
revealed that the nonlinear damping characteristics were beneficial for vibration isolation. 
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Additionally, Carrella et al. employed oblique springs along with vertical springs in the 
design of a vibration isolation system to achieve stiffness nonlinearities [48]. Results 
from their work revealed lower dynamic stiffness compared to static stiffness and 
nonlinear cubic force-displacement relationship.  Moreover, a vibration isolation system 
with geometric nonlinearities was constructed using a scissor-like structure [36].   
Recently, there has been growing interest in employing magnetic springs in the 
design of nonlinear vibration isolation systems [21,46,49]. For example, a tunable high-
static–low-dynamic stiffness vibration isolator was introduced by Zhou and Liu [80]. The 
isolator was constructed by connecting a structural beam in parallel with a magnetic 
spring that is made of pair of electromagnets and a permanent magnet. Dong et al. built a 
high-static-low-dynamic stiffness vibration isolator using a combination of a magnetic 
negative stiffness spring and spiral mechanical spring [81]. Results from their work 
confirmed the ability of the isolator to attenuate vibrations in the range of 10 [Hz]. Other 
examples of magnetic spring based vibration isolation systems are reported in [82-84].  
In this work we present a unique nonlinear vibration isolation system suitable for 
attenuating low frequency oscillations. The functionality of the presented vibration 
isolation system is achieved using a combination of elastic and magnetic structures with 
positive and negative stiffness characteristics, respectively, and viscous and magnetic 
damping components. The next section, i.e. Section 3.2, describes the design features and 
working principle of the vibration isolation system presented in this work.  
Manufacturing and assembly of the isolator prototype are presented in Section 3.3. In 
Section 3.4 fundamental modeling of the presented isolator is performed. A two-prong 
modeling approach is carried out in Section 3.4: System-level and component-level 
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modeling approach. First, a finite element COMSOL model is developed for the main 
components of the proposed system: mechanical spiral spring and magnetic spring. 
Second, a lumped parameter model of the whole system is developed using first principle 
and solved using Harmonic Balance Method (HBM). The experimental apparatus used 
for characterization of the manufactured isolator is described in Section 3.5. Model 
validation and results from experiment are discussed in Section 3.6. 
 System design 
Figure 11 shows the design and configuration of the proposed elastic-magnetic 
vibration isolation system. Similar to a traditional vibration isolation system, the 
presented system uses a combination of springs and dampers to isolate the desired mass. 
It should be noted that this design is utilized based on 3D printing of different designs 
and the more efficient design is selected for the experiments. The system consists of 
springs, i.e. magnetic and mechanical springs, and dampers, i.e. viscous and magnetic 
dampers. Basic operation of the system begins with a solid magnet that is levitated 
between two stationary top and bottom ring permanent magnets. This three magnets 
arrangement results in a magnetic spring force developed between the levitated magnet 
and the stationary magnets. As shown in Figure 11, the levitated magnet is placed inside 
a mechanical flat spiral spring that is used to guide the levitated magnet and prevent it 
from realigning itself with the stationary magnets. A similar spring configuration was 
reported by Dong et al. [81].  The described combination of mechanical flat spiral spring 
and magnetic spring reduces the resonant frequency of the vibration isolator. As will be 
demonstrated in this article, the measured force-displacement curves of the flat spiral 
spring and the magnetic spring are characterized by positive and negative stiffness, 
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respectively.  This results in lower resonant frequency and high-static-low-dynamic 
stiffness behavior of the described elastic-magnetic vibration isolation system. 
 
Figure 11.  Cartoon schematic of the elastic-magnetic vibration isolator design: 
Exploded view (Left) and 3D sectional view (Right). 
The working principle of the vibration isolator is explained in Figure 12. Here, 
copper coils are fixed around the rest position of the levitated magnet. When subject to 
external vibration, the levitated magnet moves vertically.  Based on Lorentz Law, the 
relative motion of the levitated magnet inside the copper coils induces eddy currents in 
these coils. Consequently, a magnetic flux is generated in these coils that opposes the 
external magnetic flux and, thus, magnetic damping force is generated [85,86].  
Additionally, orifices are implemented via top and bottom holes to introduce viscous 
damping. Consequently, the air inside the chamber is forced through the orifices and 
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around the levitated magnet mass. This results in additional viscous damping associated 
with air movement inside the isolator.  
 
Figure 12.  Working principle of the vibration isolator: Initial static position (Left) and 
dynamic operation (Right). 
The isolated mass is connected to the mechanical and magnetic springs through a 
connecting rod. The rod passes through the top ring magnet while the bottom end of the 
rod is connected to the levitated magnet, as shown in Figure 11. Unlike previous studies 
[46, 47], direct mechanical contact between the levitated magnet and surrounding walls is 
avoided in the presented vibration isolation system. Additionally, this novel isolator is 
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oil-free and uses a combination of magnetic damper and magnetic spring to isolate the 
desired mass. On one hand, the use of magnetic spring results in negative stiffness. This 
plays essential role in decreasing the operational frequency of the isolator to lower 
values.  Moreover, the eddy current damper implemented in this design is unique and 
makes the isolator oil-free and leakage-free.  These unique features play significant role 
during the operation of the system.  Moreover, a tuning screw is adopted in the design of 
the system to adjust the separating distance between magnets. As a result, the tuning 
screw can be used to alter the stiffness to a desired value in order to change system 
characteristics.  
 Manufacturing and assembly 
For proof-of-concept purposes, the main parts of the elastic-magnetic vibration 
isolation prototype were manufactured using a rapid prototyping technique. CAD 3D 
drawings of the system components were prepared using Solidworks software and then 
converted into STereoLithography (STL) format readable by an Ultimaker 3 fused 
deposition modeling (FDM) 3D printer. The top and bottom casings were printed using 
Polylactic acid (PLA) thermoplastic filament.  The mechanical spiral spring was printed 
using Thermoplastic Poly-Urethane (TPU) rubber-like filament. Upon assembly, 
neodymium iron boron (NdFeB) ring magnets were fixed on the top and bottom casings 
of the vibration isolator. The mechanical spiral spring was anchored inside the slots of the 
bottom casing. The solid magnet was then centered inside the spiral spring in a repulsive 
arrangement with respect to top and bottom ring magnets. The bottom and top ends of the 
connecting rod were glued to the levitated magnet and the isolated object mount, 
respectively. Next, the two casings, i.e. top and bottom, were locked together using the 
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latches and a 40 AWG copper wire was wrapped around the equilibrium position of the 
levitated magnet. The fully assembled device is shown in Figure 13. Properties of the 
assembled device are listed in Table II.  Properties of the assembled vibration isolator 
prototype. 
 
Figure 13.  The fully assembled vibration isolator enclosed within 3D printed housing. 
 Theory and model 
The described vibration isolator is modeled as a single DOF system and its free-
body diagram is shown in Figure 14.  In this analysis, it is assumed that there is no lateral 
movement and the effective mass, 𝑚, is displaced vertically with relative displacement, 
𝜒 = 𝑥 − 𝑦.   
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Table II.  Properties of the assembled vibration isolator prototype. 
Parameter Property Unit 
Coil material Copper, 40 AWG - 
Coil resistance 1280 Ω 
Coil number of turns 2000 - 
Isolator size (height× outer 
diameter) 
81.5×80.5 mm 
Floating magnet material NdFeB-N42 - 
Floating magnet size 
(height×diameter) 
12.7 × 19.05 mm 
Fixed magnets material NdFeB-N42 - 
Fixed magnets size (Outer 
diameter×Inner diameter×height) 
2.54 × 12.7 × 3.175 mm 
Housing material Polylactic Acid (PLA) - 
Isolated mass 0.2 kg 
Length of coil per turn 0.142 m 




Diameter of magnet holder in 
mechanical spring 
19.05 mm 
Thickness of mechanical spring 
structure 
2 mm 
Width of mechanical spring 
structure 
2 mm 
Diameter of orifices 3.8 mm 
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As we will demonstrate later in this article, the mechanical spiral spring behaves 
in a linear fashion with stiffness coefficient, 𝐾𝑠𝑠, while the magnetic spring exhibits 
nonlinear behavior described using linear, 𝐾𝑚1, and nonlinear, 𝐾𝑚3, stiffness coefficients, 
respectively. Using Newton’s Second Law, the equation of motion describing the 
dynamic behavior of the vibration isolator is   
 
𝑚?̈? + 𝑐𝑎(?̇? − ?̇?) + 𝑐𝑚(?̇? − ?̇?) + 𝐾𝑠𝑠(𝑥 − 𝑦) + 𝐾𝑚1(𝑥 − 𝑦)
+ 𝐾𝑚3(𝑥 − 𝑦)
3 = 0 
Eq. (23) 
In this analysis, it is assumed that both viscous damping and magnetic damping are 
proportional to velocities, i.e. (?̇? − ?̇?).  To further simplify the governing equation (23), 
subtract and add 𝑚?̈? from both sides of (23) and use ?̈? = ?̈? − ?̈?, ?̇? = ?̇? − ?̇? and 𝜒 = 𝑥 −
𝑦 to obtain  
 𝑚?̈? + c?̇? + 𝐾1𝜒+𝐾3𝜒
3 = −𝑚?̈?  Eq. (24) 
In (24) it is assumed that air viscous damping, 𝑐𝑎 , and magnetic damping, 𝑐𝑚 , are both 
linearly dependent on velocity, ?̇? and, thus, lumped into total damping parameter, 𝑐1,  
given by 𝑐1?̇? = (𝑐𝑎 + 𝑐𝑚)?̇?.  Moreover, the linear stiffness coefficients of spiral spring, 
𝐾𝑠𝑠, and magnetic spring, 𝐾𝑚1, are lumped into 𝐾1 = 𝐾𝑠𝑠 + 𝐾𝑚1 and the nonlinear 
stiffness coefficient of the magnetic spring is 𝐾3 = 𝐾𝑚3. Harmonic Balance Method 
(HBM) [87,88] is implemented to solve the nonlinear equation of motion of the described 
system. Rewriting (24) in non-dimensional form for a base-excitation harmonic 
waveform 𝑦 = 𝐴 sin(𝜔𝑡 + 𝜑) yields  
 ?̅?′′ + 2ξ1?̅?
′ + ?̅? + 𝛼?̅?3 = Ω2 sin(Ω𝜏 + 𝜑)  Eq. (25) 
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where  ?̅? =
𝜒
𝐴














, 𝜏 = 𝜔𝑛 · 𝑡, ?̅?
′ =  
?̇?
𝐴𝜔𝑛
⁄ , ?̅?′′ =
?̈?
𝐴𝜔𝑛2
⁄  , and  𝜉1 =
𝑐1
2𝑚𝜔𝑛
 . For a harmonic base-excitation waveform, the response of the 
system is assumed to be dominated by the first harmonic of amplitude [78, 87], and given 
by 
 
?̅?(𝜏) = ?̅? sin(Ω𝜏) Eq. (26) 
 
Figure 14.  Free-body diagram of the single DOF vibration isolator subject to base 
excitation.    






(∎) into (25) yields 
  
−Ω2?̅? sin(Ω𝜏) + 2𝜉Ω?̅? cos(Ω𝜏) + ?̅? sin(Ω𝜏) + α?̅?3 sin3(Ω𝜏)
= Ω2 sin(Ω𝜏 + 𝜑) 
 Eq. (27) 
Applying trigonometric relations and taking up to the first harmonic term yields 









sin(Ω𝜏)  Eq. (28) 








= Ω2[sin(Ω𝜏) cos(𝜑) + cos(𝛺𝜏) sin(𝜑)] 
 Eq. (29) 
Equating the coefficients of sin(Ω𝜏) and cos(𝛺𝜏) in (27) results in 
  [?̅? − Ω2?̅? +
3α
4
 ?̅?3] = Ω2cos (𝜑)  Eq. (30-a) 
 2𝜉Ω?̅? = Ω2 sin(𝜑) Eq. (30-b) 
Further simplification yields 
 [?̅? − Ω2?̅? +
3α
4
 ?̅?3]2 + [2𝜉Ω?̅?]2 = Ω4  Eq. (31) 
Using the absolute displacement of the payload mass, i.e. 𝑥 = 𝐴?̅?sin (Ω𝜏) + 𝑦,                                                                                                                    
the absolute displacement transmissibility ratio, 𝜂𝑎 is given by  




𝐴(?̅? sin(Ω𝜏) + sin(Ω𝜏 + 𝜑))
𝐴
| = √1 + ?̅?2 + 2?̅?𝑐𝑜𝑠(𝜑)  Eq. (32) 
Substituting (30-a) into (32) the absolute transmissibility ratio, 𝜂𝑎, is given by 
    
𝜂𝑎 =
√Ω






 Eq. (33) 
 Experimental apparatus for characterization tests 
This section describes the experimental setups used for characterizing the 
fabricated vibration isolator prototype. The two main experimental setups used in this 
work are shown in Figure 15-16. Figure 15 shows the apparatus used for measuring 
restoring forces of mechanical and magnetic springs. The vibration isolator was fixed on 
a test stand (SHIMPO FGS-250W), and displacement sensor (KEYENCE IL-100) and 
digital force sensor (SHIMPO FG-3006) were used to measure displacement and 
restoring forces, respectively. While the hand-operated wheel was gradually lowered, 
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both displacement and force readings were recorded using a data acquisition system (NI 
myDAQ) and stored on a PC for later analysis. The experiment setup was also used to 
measure damping and the resonant frequency of the vibration isolator.  
Figure 16 shows the apparatus used for dynamic characterization of the vibration 
isolator. The setup consists of a shaker table (VT-500, SENTEK DYNAMICS), two 
accelerometers (PCB333B30 model, PCB Piezotronics), power amplifier (LA-800, 
SENTEK DYNAMICS), vibration controller (S81B-P02, SENTEK DYNAMICS), data 
acquisition system (NI myDAQ) and a PC. Upon characterization tests, the device was 
securely mounted on the shaker table top as shown in Figure 16. The PC-controlled 
shaker table was then used to excite the device at predetermined frequencies, i.e. 7-30 
Figure 15.  Lab experiment setup used to measure restoring forces of the magnetic and 
mechanical springs. 
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[Hz]. Transmissibility and isolation characteristics of the device were detected using the 
data acquisition system. 
 
Figure 16.  Lab experiment setup used for measuring displacement transmissibility of 
the vibration isolator. 
 Results and discussion 
Both experimentation and theoretical analysis were used to fully characterize the 
vibration isolator. Tests were focused on component-level and system-level 
characterization. Magnetic spring and mechanical spiral spring were characterized using 
the apparatus shown in Figure 15.  In addition, COMSOL models were developed for 
both magnetic and mechanical springs.  The system-level characterization tests were 
focused on dynamic behavior of the device using the apparatus shown in Figure 16. 
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Transmissibility of the device was measured and modeled. The results from these 
measurements and models are discussed in this section. 
A COMSOL model was developed in order to estimate both magnetic force and 
magnetic damping characteristics of the three magnet arrangement. The model was 
developed using the AC/DC Module in COMSOL Multi-physics software. For the 
geometry shown in Figure 17, a 2D axisymmetric model was adopted, and thereby, all 
the magnets were represented by rectangles along the 𝜒-plane. 
 
Figure 17.  COMSOL simulation of magnets interaction in the vibration isolator: The 
oscillatory motion of the floating solid magnet as it moves between the two fixed top 
and bottom ring magnets (Left). Cartoon schematic of the magnets arrangement, 
dimensions, and geometries (Right). 
In model simulation, it was assumed that the remaining edges of each magnet 
were magnetically insulated and the relative permeability of air domain surrounding the 
magnets was set to a unity. A moving mesh function was used upon model simulation of 
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the levitated magnet as it oscillated between the two fixed top and bottom magnets.  A 
parametric sweep was used to estimate the magnetic restoring force and magnetic flux 
density as a result of the oscillatory motion of the levitated magnet. The governing 
equation for the COMSOL model simulation was based on Ampère’s law. The relative 
tolerance was set to 5e-6. Figure 17 shows results from COMSOL model for the three 
magnet arrangement at predetermined position, i.e. 𝜒 =0 [mm].  As the levitated magnet 
moved between the two stationary magnets, the magnetic flux density, B, was estimated 
at three coil sections, i.e. inner (rinside=22 mm), mid-way (rmiddle =22.6 mm), and outer 
(routside=23.3 mm). Figure 18 shows the simulation results at these three different 
locations. As shown in Figure 18, the magnetic flux density, B, varied slightly at those 
three sections and became stronger towards the inner side of the coil. Assuming uniform 







and estimated at approximately, 𝑐𝑚=0.051[N.
𝑠
𝑚
], where 𝜎 = 𝑁?̅?𝑙 is the 
electromechanical coupling coefficient, R is total resistance, 𝑙 is length of the coil per 
turn, N is the number of coil turns, and ?̅?=0.0286 [T] is taken as the maximum magnetic 
flux density in the air gap between the moving magnet mass and middle coil section 
(rmiddle =22.6 mm) [90]. The COMSOL model was also used to simulate the restoring 
force of the magnet arrangement, Fm. Figure 19 compares the magnetic force, Fm, 
obtained using COMSOL model against measured magnetic force, obtained using 
apparatus shown in Figure 15.  In both experiment and COMSOL model, the levitated 
magnet was displaced vertically between the two stationary magnets. During this process, 
the magnetic force was estimated at several points. Simulation results agree with 
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measured data. In addition, the force-displacement curve exhibits hardening nonlinear 
characteristics with nonlinear stiffness behavior.  
 
Figure 18.  COMSOL simulated flux density of the floating magnet inside the vibration 
isolator. 
 The obtained force-displacement curve was curve-fitted to a higher order 
polynomial, i.e. 𝐾𝑚1𝜒+𝐾𝑚3𝜒
3 and the obtained linear and nonlinear stiffness 
coefficients of the magnetic spring i.e. 𝐾𝑚1 and 𝐾𝑚3, respectively, are shown in Figure 
19. The flat spiral spring plays an essential role in the presented vibration isolation 
design. Figure 20 shows the design of the spiral spring adopted in this work. The spring 
consists of a central holder where the levitated magnet is placed. The magnet holder is 
connected to a flat spiral structure which supports loads along the longitudinal axis. A set 
of supporting bridges across the spiral structure is used to prevent the levitated magnet 
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from tilting along the transverse plane. To fully characterize the spiral spring, a 
COMSOL model was developed to obtain force-displacement curve and stress 
concentration points.  
 
Figure 19.  Measured and COMSOL simulated nonlinear magnetic restoring force 
versus displacement. The nonlinear magnetic force is fit to a third order polynomial of 
the form 𝐾𝑚1𝜒+𝐾𝑚3𝜒
3. 
The COMSOL model was developed using the Solid Mechanics Interface under 
the Structural Mechanics module in COMSOL Multi-physics software. A 3D model of 
the mechanical spring was adopted.  All the anchors of the spring shown in Figure 20 
were set as fixed constrains boundary conditions. Upon modeling, a distributed load was 
applied on the magnet holder of the spring shown in Figure 20. The governing equation 
used was based on the linear elastic material model and the convergence tolerance was 
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set to 1e-4. Additionally, the force-displacement curve was measured experimentally 
using the apparatus shown in Figure 15.  
 
Figure 20. 3D geometry and main components of the mechanical spiral spring used in 
the vibration isolator.  
 Figure 21 shows the force-displacement curve of the spiral spring obtained using 
experiment and COMSOL. Both COMSOL simulation model and experimentally 
measured data exhibit linear behavior with a positive stiffness coefficient of 
approximately 𝐾𝑠𝑠 =688.8 [N m
-1] and 681.8 [N m-1], respectively. On the other hand, 
the magnetic spring has a negative linear stiffness coefficient of  𝐾𝑚1 = -70.2 [N m
-1]. 
This negative stiffness, when combined with the positive stiffness of the spiral spring, 
reduces resonant frequency of the overall vibration isolation system, i.e. 𝑘1 = 𝐾𝑠𝑠 +
𝐾𝑚1 = 618.6 [N m
-1]. The presence of both positive and negative stiffness elements in 
the vibration isolation system enables the system to support high static loads while 
having smaller dynamic stiffness.  Thus, the vibration isolation system experiences small-
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static deflections due to the high-static stiffness while, simultaneously, possesses lower 
resonant frequency due to the high-dynamic stiffness characteristics [48].  
 
Figure 21.  Measured and COMSOL simulated mechanical spring restoring force versus 
displacement. The linear mechanical spring restoring force is fit to 𝐾𝑠𝑠𝜒 . 
It is worth noting that the work presented in this article focused on proof-of-
concept characterization tests and modeling rather than optimization of design 
parameters.  Nonetheless, proof-of-concept characterization tests and modeling efforts 
reported here confirm the positive and negative stiffness characteristics of the mechanical 
spiral spring and magnetic spring, respectively. Next, stress concentration points were 
determined using the COMSOL model.  Figure 22 shows Von Mises stress distribution 
and deflections in response to pre-specified payload, i.e. 4 [N]. This payload value used 
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in the model simulation was set as twice as the value observed in the experiment. The 
results show that the supporting bridges are the most susceptible part of the spiral spring 
to axial loads. The maximum Von Mises stress observed was around 3.0 [MPa]. 
Simulation results also suggests that stress increases towards the center, i.e. closer to the 
levitated magnet. That is, bridges closer to the magnet holder experienced approximately 
3.0 [MPa] while bridges far away from the socket experienced less stress, 1.9 [MPa].  
 
Figure 22.  COMSOL simulation of the mechanical spiral spring behavior in response 
to 4 [N] payload: Von Mises stresses (Left) and corresponding displacement (Right). 
To fully characterize the vibration isolation system, both resonant frequency, 𝜔𝑛, 
and total damping, c, were measured using ring-down technique. With no external source 
of excitation, the vibration isolator was held steadily and then released after the levitated 
magnet was brought to a predetermined height. The obtained ring-down waveform was 
then used to estimate resonant frequency, 𝜔𝑛, and total damping of the system, c, using 
the logarithmic decrement method [76, 91,92]. The resonant frequency of the vibration 
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] which implied viscous damping of 𝑐𝑎 = 2.389  [N.
𝑠
𝑚
] and magnetic damping of 
𝑐𝑚 = 0.051 [N.
𝑠
𝑚
]. Next, the apparatus shown in Figure 16 was used to investigate the 
frequency response of the device. Upon running the experiment, a sampling rate of 1000 
[Hz] was used and 60,000 data points per test were collected while the frequency was 
swept between 7- 30 [Hz].  Each experiment was repeated twice and uncertainty analysis 
was carried out as indicated by the error bars on Figure 23-24.  Figure 23 shows model 
simulation (33) and measured absolute displacement transmissibility, 𝜂𝑎, of the device at 
acceleration level of 1.0 g [m s-2].   
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Figure 23.  Measured and model simulation of displacement transmissibility of the 
vibration isolator versus frequency at acceleration level of 1.0g [m s-2]. Model 
simulations are performed using Harmonic Balance Method (HBM) and 4th order Runge-
Kutta (RK) numerical method. 
The isolation region of the vibration isolator is apparent at frequencies higher than 
12.5 [Hz] where transmissibility of the vibration isolator drops to less than unity, i.e. 
𝜂𝑎<1.  Prior to 12.5 [Hz] disturbances from the base were transmitted to the isolated 
mass. Nonetheless, this lower frequency region is not of significance to the design of an 
isolator since vibration isolators are meant to operate beyond the cut-off frequency, i.e. 
when 𝜂𝑎 ≤ 1.  Figure 23 also shows acceptable match between HBM model simulations 
and measured data.  However, Figure 23 suggests that some deviation between HBM 
model simulations and experiment exists. Dong et al. [81] and Berdy et al. [92] made 
similar observations where peaks predicted by models were slightly shifted from 
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measured data. To investigate this mismatch between HBM model simulation and 
experiment a fourth order Runge-Kutta (RK) numerical method was used to solve the 
dynamic model of the vibration isolator given by (24).  Results from Runge-Kutta 
numerical method confirmed those obtained using HBM model simulations. During 
experiment, a lateral vibration was observed-especially near resonance. This suggests that 
discrepancy between model and experiment may be attributed to the presence of lateral 
vibrations (wobbling) in the system. That is, at high level of acceleration, i.e. 1g [m s-2] 
and close to resonance, geometry misalignment results in lateral relative displacement of 
the levitated magnet.  As a result, this lateral motion triggers other modes of vibrations 
that are not accounted for in the presented model. This is because the model we present in 
this work accounts only for vertical displacement along the 𝜒 -direction. Similar 
observation was made by [81].  
 Figure 24 shows displacement transmissibility of the isolator obtained using 
experiment and model simulations at lower acceleration level, i.e. 0.25g [m s-2]. Results 
from model simulations show good agreement with experimentally measured data. At 
this lower acceleration level, the lateral vibrations of the isolator decreased significantly.  
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Figure 24.  Measured and model simulation of displacement transmissibility of the 
vibration isolator versus frequency at acceleration level of 0.25g [m s-2]. Model 
simulations are performed using Harmonic Balance Method (HBM) and 4th order Runge-
Kutta (RK) numerical method. 
As a result, agreement between HBM and Runge-Kutta models and measured data 
improved due to the absence of lateral vibrations. Thereby, Figure 23-24 suggests that a 
nonlinear vibration model that accounts for oscillations in multiple directions is needed to 
accurately capture the dynamic behavior of these types of vibration systems- especially at 
high level of accelerations.  Additionally, at 0.25g [m s-2] the cut-off frequency, where 
transmissibility drops to less than unity, decreased to approximately 8.8 [Hz] compared to 
12.5 [Hz] at 1.0 g [m s-2]. This is mainly due to the hardening nonlinearities of the 
magnetic spring. At higher acceleration level, i.e. 1.0 g [m s-2], stiffness nonlinearity of 
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the magnetic spring manifest itself and causes a shift in frequency response towards 
















A DUAL PURPOSE VIBRATION ISOLATOR ENERGY 
HARVESTER: EXPERIMENT AND MODEL 
 
The current chapter discusses on theoretical and experimental study of an elastic-
magnetic vibration isolation device. The author has used parts of the current chapter in 
the research article, “A dual purpose vibration isolator energy harvester “by S. M. Mahdi 
Mofidian and H. Bardaweel, published in Journal Mechanical Systems and Signal 
Processing, Volume 118 (2019) which is adapted with permission from ELSEVIER. 
 Introduction 
Undesired vibrations and oscillations are the by-products from natural processes 
as well as human made structures and equipment. Examples of these vibrations include 
continuous or semi-continuous oscillations generated by highway bridges [1], human 
body motion [2, 5], and moving vehicles [3-6]. On one hand, some of these vibrations 
may cause severe damage to structures or obstruct their operations [7]. On the other hand, 
these vibrations represent free and abundant form of kinetic energy [13, 14].  As a result, 
dealing with these vibrations has grown in two main directions: vibration isolation 
[74,78, 93], and energy harvesting [12,94].   
The literature on both vibration energy harvesting and vibration isolation is 
massive. Reviewing this massive literature is beyond the scope of this work. Nonetheless, 
energy from ambient vibrations has been successfully converted into useful electric 
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energy via electrostatic [95,96], piezoelectric [97], and electromagnetic transducers [98-
100]. Recent advances and approaches in energy harvesting have been reviewed in Ref. 
[12,94]. Similarly, active and passive vibration control systems have been developed and 
thoroughly investigated over the past few decades [101,102]. A typical vibration isolation 
system uses a spring and a damper to prevent these oscillations from traveling between 
the source of vibrations and the isolated mass [8]. Using this spring-mass-damper system 
the kinetic energy from these oscillations is suppressed and dissipated into waste heat that 
is conducted away to the surrounding.   
Continuous improvement in electronics manufacturing has led to deployment of 
low-power sensors and gadgets [103,104]. Nowadays, onboard sensing units are installed 
on equipment and structures to monitor their health conditions including temperature, 
pressure, stress, strain, humidity, corrosion, etc [1, 9, 11, 12, 105].  Thus, there has been 
growing interest in using the energy from these oscillations as power source replacing or 
complementing traditional batteries used to operate onboard sensors [17,106,108].  For 
instance, Davis and McDowell built a passive regenerative vibration isolation device 
using post-buckled beam as spring element and piezoelectric film as power conversion 
unit [17]. Their results showed that experimental transmissibility of 2% and harvested 
power of 0.36 µW were achieved simultaneously. Similarly, Ali and Adhikari studied, 
theoretically, the performance of regenerative vibration absorber device supplemented 
with a piezoelectric stack for power recovery [19]. The study focused on modeling and 
design aspects of optimal design parameters using approximate fixed-point theory. Their 
study concluded that specific parameters of the energy harvester could lead to broadband 
harvesting combined with vibration absorption. In Ref. [20] the feasibility of integrating 
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vibration absorber with piezoelectric stack for power generation under random 
excitations was investigated using probabilistic linear random vibration theory.  Results 
from this theoretical study showed that the recovered power increases with increase in the 
mass of structure. Moreover, a dual-purpose device was developed to isolate micro 
vibrations and harvest energy from micro-jitters of a cooler during satellite on-orbit 
operation [7]. The dual-purpose device was able to isolate the desired mass and recovered 
5.84 µW of vibration energy into electric energy. Also, a semi-active energy harvesting 
vibration suppression system using piezoelectric platform was proposed [107]. Tang and 
Zuo investigated the recovery of vibration energy from tall buildings using active tuned 
mass dampers and electromagnetic harvesters [21].  Furthermore, several studies 
investigated energy recovery from vehicle road interactions using regenerative vibration 
shock absorbers [6-9, 24, 108-110]. These studies focused on manufacturing of large 
scale regenerative hydraulic/pneumatic suspension systems that convert kinetic 
vibrational energy into hydraulic/pneumatic pressure and storing it in an accumulator [24, 
108-110]. This hydraulic power was then used to run a hydraulic motor. For instance, a 
macro-scale hydraulic-electromagnetic vibration absorber capable of recovering energy 
from vehicle interaction with road was investigated by Fang et al. [24]. While energy 
losses from pipelines were significant the device was able to recover energy from 
vibrations.  The authors of the study denoted that the energy recovery efficiency of their 
device decreased as the excitation frequency increased. Recent progress on regenerative 
vibration suppression systems for vehicles was reviewed by Zhang Jin-qiu et al. [106] 
The work presented here is focused on developing a unique dual-purpose 
vibration isolation energy recovery system shown in Figure 25. While several studies 
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were focused on coupling small scale piezoelectric energy harvesting units with vibration 
isolation [17], the work presented here targets the use of elastic and magnetic elements to 
achieve the dual functionality of the device. The main purpose of the dual-purpose device 
is preventing vibrations from traveling through the isolated mass using magnetic and 
viscous dampers and elastic and magnetic springs. However, a secondary task of the 
dual-purpose device is converting some of the kinetic energy contained in these 
oscillations into useful electric charge, instead of waste heat, using magnetic levitation 
based energy harvester. Thus, another novel feature of the presented design is the use of 
an elastic mechanical spring along with a magnetic spring. As will be demonstrated in 
this article, this combination results in lower resonant frequency and desired 
nonlinearities.  Additionally, unlike previous work [24, 108-110], the presented design is 
compact, light, and simple and does not require considerable added volume due to 
complex pipelines, accumulators, hydraulic motor, or oil tank [4, 106].  
As shown in Figure 25, the presented device consists of a magnetic spring, 
mechanical flat spring, and dampers, i.e. viscous and magnetic dampers.  The movement 
of the levitated magnet is guided and aligned using the mechanical flat spiral spring. 
Thus, an additional novel feature of the presented device is the reduced friction and 
wearing due to lack of direct contact between components. The isolated mass is 
connected to the mechanical and magnetic springs through a connecting rod. The rod 
passes through the top ring magnet while the bottom end of the rod is connected to the 
levitated magnet, as shown in Figure 25. A stationary coil is fixed around the rest 
position of the levitated magnet. Viscous damping effects are introduced via top and 
bottom orifices shown in Figure 25.  
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Figure 25.  Overall design of the dual purpose vibration isolator energy harvester. 
When the dual-purpose device is subject to external vibration, the levitated 
magnet moves vertically.  Subsequently, the air inside the device chamber is forced 
through the orifices and around the levitated magnet mass. Moreover, as the levitated 
magnet moves, voltage is induced in the coil. As a result, the kinetic energy from the 
vibrations is converted into electric energy. Magnetic damping is generated as a result of 
eddy currents induced in the coil because of variation in magnetic flux as the levitated 
magnet is displaced [85]. Thus, energy dissipation in the dual-purpose device is achieved 
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through a combination of viscous damping due to airflow, and magnetically-induced 
damping due to levitated magnet movement inside the coil.  The damping (viscous and 
magnetic) and stiffness (mechanical and magnetic spring) form the platform for vibration 
isolation. Simultaneously, the levitated magnet movement inside the coil forms the base 
for converting the kinetic energy of vibrations into electric charge.  
 Modeling 
Figure 26 shows a mechanical lumped parameter model schematic of the dual-
purpose vibration isolator energy harvester device.  The moving levitated magnet inside 
the dual-purpose device is modeled as a single-degree-of-freedom system with effective 
mass, 𝑚, displaced vertically with relative displacement, 𝜒 = 𝑥 − 𝑦.  The fixed and 
levitated magnets generate repulsive restoring force that can be represented using linear, 
𝐾𝑚1 , and nonlinear, 𝐾𝑚3 , stiffness coefficients, respectively. Likewise, 𝐾𝑠𝑠 represents a 
linear stiffness coefficient of the mechanical spring restoring force. The linear, 𝐾𝑚1 and 
𝐾𝑠𝑠 , and nonlinear 𝐾𝑚3  stiffness coefficients are obtained using both experiment and 
COMSOL finite element analysis.  Here, it is assumed that viscous damping due to air 
flow through the orifices and magnetic damping due to eddy currents induced in the coil 
are the two major sources responsible for energy dissipation and their damping 
coefficients are given by 𝐶𝑎 and 𝐶𝑚 , respectively. The equation of motion for the 
described dual-purpose device, is given by  
 
𝑚?̈? + 𝐶𝑎(?̇? − ?̇?) + 𝐶𝑚(?̇? − ?̇?) + 𝐾𝑠𝑠(𝑥 − 𝑦) + 𝐾𝑚1(𝑥 − 𝑦)
+ 𝐾𝑚3(𝑥 − 𝑦)
3 = 0 
 Eq. (34) 
The equation of motion (34) can be further simplified by subtracting 𝑚?̈? from both sides 
of Eq. (34) and substituting ?̈? = ?̈? − ?̈?, ?̇? = ?̇? − ?̇? and 𝜒 = 𝑥 − 𝑦  
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?̈? + 𝑐1?̇? + 𝐾1𝜒+𝐾3𝜒
3 = −𝑚?̈?  Eq. (35) 
 
Figure 26.  Model schematic of the single DOF dual-purpose vibration isolator energy 
harvester. 
where (∎̈) and (∎̇) represent the second and first time derivatives, i.e. 
acceleration and velocity, respectively. Additionally, the lumped parameter, 𝑐1 , 
represents total damping of the system as a result of viscous and magnetic damping, i.e. 
𝑐1 = 𝑐𝑎 + 𝑐𝑚 , while linear stiffness coefficients, 𝐾𝑠 and 𝐾𝑚1 , are lumped into 
parameter, 𝐾1 = 𝐾𝑠𝑠 + 𝐾𝑚1 and 𝐾3 = 𝐾𝑚3.  
4.2.1 Modeling displacement transmissibility using Harmonic Balance Method 
The dynamic model described in Eq. (35) represents a nonlinear Duffing-type 
oscillator [111]. Direct numerical integration [112], the method of multiple scales [113-
115], or the harmonic balance method coupled with an asymptotic numerical method 
[116,117], have been used to solve Duffing nonlinear equation of motion.  In this work 
Harmonic Balance Method (HBM) is used to solve the system described in Eq. (35). For 
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harmonic base-excitation 𝑦 = 𝐴 sin(𝜔𝑡 + 𝜑) and using ?̅? =
𝜒
𝐴














, 𝜏 = 𝜔𝑛 · 𝑡, the non-dimensional equation of motion becomes  
 ?̅?′′ + 2ξ1?̅?
′ + ?̅? + 𝛼?̅?3 = Ω2 sin(Ω𝜏 + 𝜑)  Eq. (36) 






(∎) are the non-dimensional velocity and acceleration of the effective mass defined 
as ?̅?′ =  
?̇?
𝐴𝜔𝑛
⁄ , ?̅?′′ =
?̈?
𝐴𝜔𝑛2
⁄  , respectively, and , 𝜉1 =
C1
2𝑚𝜔𝑛
 .  Assuming that higher 
order harmonics are negligible and the dynamic response of the oscillator is dominated 
by the first harmonic of amplitude, the solution becomes  
 ?̅?(𝜏) = ?̅? sin(Ω𝜏)  Eq. (37) 






(∎) into Eq. (36) 
yields 
 
−Ω2?̅? sin(Ω𝜏) + 2𝜉1Ω?̅? cos(Ω𝜏) + ?̅? sin(Ω𝜏) + α?̅?
3 sin3(Ω𝜏)
= Ω2 sin(Ω𝜏 + 𝜑) 
 Eq. (38) 
Applying trigonometric relations and taking up to the first harmonic term yields  









sin(Ω𝜏)  Eq. (39) 
Further, substituting Eq. (39) into Eq. (38) results in  
 




= Ω2[sin(Ω𝜏) cos(𝜑) + cos(𝛺𝜏) sin(𝜑)] 
 Eq. (40) 
Equating the coefficients of sin(Ω𝜏) and cos(𝛺𝜏) in Eq. (40) results in  
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 [?̅? − Ω2?̅? +
3α
4
 ?̅?3] = Ω2cos (𝜑)  Eq. (41-a) 
 2𝜉1Ω?̅? = Ω
2 sin(𝜑)  Eq. (41-b) 
Further simplification yields  
 [?̅? − Ω2?̅? +
3α
4
 ?̅?3]2 + [2𝜉1Ω?̅?]
2 = Ω4  Eq. (42) 
Using the absolute displacement of the payload mass, i.e. 𝑥 = 𝐴?̅?sin (Ω𝜏) + 𝑦                                                                                                                    
the absolute displacement transmissibility ratio, 𝜂𝑎, is given by  






| = √1 + ?̅?2 + 2?̅?𝑐𝑜𝑠(𝜑)    Eq. (43) 











 Eq. (44) 
4.2.2 Model estimation of induced voltage and harvested power 
Using the velocity solution, ?̇? from Eq. (35), induced voltage, 𝑉, and output 
power harvested using the dual-purpose device, Ρ, across a load resistance, 𝑅𝐿𝑜𝑎𝑑, are 












 Eq. (46) 
Where 𝑅𝑐𝑜𝑖𝑙 is coil resistance, 𝑙 is the length of the coil per turn, N is the number 
of coil turns, and 𝐵 is the average magnetic flux density in the air gap between the 
moving magnet mass and the coil. 
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 Experiment and model validation 
The main objective of the experiment is to validate the theoretical model and 
investigate the ability of the device to, simultaneously reduce vibration transmissibility 
and generate electric power.  To achieve this goal, a prototype of the dual-purpose 
vibration isolator energy harvester is manufactured. Figure 27 shows the major 
components of the dual-purpose device obtained using additive manufacturing. Table III 
lists dimensions and properties of the manufactured dual-purpose device. First, the top 
and bottom casings and the mechanical spring were printed using Polylactic acid (PLA) 
thermoplastic filament and Thermoplastic Poly-Urethane (TPU) rubber-like filament, 
respectively. Neodymium iron boron (NdFeB) ring magnets were fixed on the top and 
bottom parts of the device as shown in Figure 27.   
 




The mechanical spring was anchored inside the slots of the bottom part. The solid 
magnet was then centered inside the mechanical spring in a repulsive arrangement with 
respect to top and bottom ring magnets. 
 
The bottom and top ends of the connecting rod were glued to the levitated magnet 
and the isolated object mount, respectively. Lastly, 40 AWG copper coil was placed 
around the equilibrium position of the levitated magnet. The fully assembled device was 
Table III.  Geometric and material properties of the fabricated dual-purpose 
device. 
Parameter Properties 
Coil resistance (R coil) [Ω] 1280 
Load resistance (R Load) [Ω] 900 
Coil turns 2000 
Coil material Copper, 40 AWG 
Levitated magnet size (height×diameter) [mm] 12.7 × 19.05 
Levitated magnet material NdFeB-N42 
Stationary magnet size (Outer diameter×Inner 
diameter×height) [mm] 
2.54 × 12.7 × 
3.175 
Stationary magnet material NdFeB-N42 
Device casing size (height× outer diameter) [mm] 81.5×80.5 
Air hole diameter [mm] 3.8 
Isolated mass (kg) 0.2 
Mechanical spring material Thermoplastic 
poly-Urethane 
(TPU) 




obtained by locking the top and bottom casings together using the latches as shown in 
Figure 28.  
 
Figure 28.  Fully assembled dual-purpose vibration isolator energy harvester device. 
4.3.1  Magnetic restoring force 
The repulsive force developed between the top and bottom fixed magnets and 
levitated magnet was obtained using experiment and COMSOL software.  The 
experiment setup used to measure the repulsive magnetic force is shown in Figure 29.  
The experiment apparatus consists of test stand (SHIMPO FGS-250W), displacement 
sensor (KEYENCE IL-100), and digital force sensor (SHIMPO FG-3006). Both 
displacement and force readings were recorded using data acquisition system (NI 
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myDAQ) and stored on a PC. A COMSOL model was developed in order to estimate the 
magnetic flux density, B, as the levitated magnet was swept vertically between the two 
stationary magnets.  
 
Figure 29.  Schematic of experimental apparatus used for characterization of mechanical 
and magnetic springs. 
Figure 30 shows COMSOL simulation of magnetic flux density, B, at three coil 
positions at 𝜒 =0 mm during levitated magnet sweeping between the two stationary 
magnets. The three locations represent the inner (rinner=22 mm), mid-way (rmiddle =22.6 
mm), and outer (router=23.3 mm) layers of the coil. The obtained average magnetic flux 
densities, B, versus displacement, 𝜒, at these three different positions are shown in Figure 
31.  Slight variation in the average magnetic flux density at these three locations is 
evident. That is, the magnetic flux density became stronger towards the levitated magnet, 
i.e. (rinner=22 mm). Thus, in this work, the average flux density of the middle coil (r=22.6 
mm) was used to perform voltage, 𝑉, and power, Ρ, calculations given by (45) and (46), 
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respectively. The average flux density shown in Figure 31 was fitted to a sine summation 
function [117] and given by 
 𝐵 ≅ ∑ 𝑎𝑖 sin(𝑏𝑖𝜒 + 𝑐𝑖)
8
𝑖=1
  Eq. (47) 
where 𝑎𝑖, 𝑏𝑖, and 𝑐𝑖 are the magnetic flux density constants obtained from curve 
fitting and given in Table IV .  
 
Figure 30.  COMSOL model of the three magnets arrangement: a) The Levitated solid 
magnet sweeping between the two stationary top and bottom ring magnets (Left) and b) 




Figure 31.  COMSOL simulation results of magnetic flux density, B estimated at inner, 
middle and outer coils. 
 
Table IV.  Summation of sin function coefficients of fitted curve for the magnetic flux 
density, B. 
𝑎1 = 0.03026 𝑎2 = 0.004159 𝑎3 = 0.003037 𝑎4 = 0.001898 
𝑎5 = 0.001071 𝑎6 = 0.000515 𝑎7 = 0.000318 𝑎8 = 3.45e − 5 
𝑏1 = 163.4 𝑏2 = 332.2 𝑏3 = 502.8 𝑏4 = 673.5 
𝑏5 = 829.2 𝑏6 = 1026 𝑏7 = 1231 𝑏8 = 1520 
𝑐1 = 5.063 e − 5  𝑐2 = −3.141  𝑐3 = −2.167e − 3  𝑐4 = 3.143  
𝑐5 = 0.001205  𝑐6 = 3.127  𝑐7 = −7.962e − 3  𝑐8 = −3.065  
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The measured and COMSOL modeled magnetic force, Fmag, is shown in Figure 
32. Good agreement between simulation results and measured data is evident. The load-
deflection curve exhibits nonlinear restoring force behavior. This indicates a nonlinear 
stiffness behavior of the magnetic spring, thus, leading to a non-resonant Duffing-type 
energy harvesting scheme.  
 
Figure 32.  Load-deflection curve of the magnets arrangement used in dual-purpose 
device. 
The nonlinear load-deflection curve was curve-fitted to a higher order 
polynomial, i.e. 𝐾𝑚1𝜒+𝐾𝑚3𝜒
3. These linear and nonlinear magnetic spring stiffness 




4.3.2 Mechanical spring restoring force 
Characterization of the mechanical spring was performed using experiment setup 
shown in Figure 29 and COMSOL software. As shown in Figure 33 , the spring is made 
of a central socket that is connected to spiral arm to support loads along the longitudinal 
axis.  
 
Figure 33.  3D cartoon schematic of the mechanical spring design used in this work. 
 
Table V.  Measured stiffness coefficients for the magnetic spring. 
Coefficient Value 
𝐾𝑚3 1.368e+06 [N m
-3] 




The levitated magnet is tightly fit inside the socket and a set of bridges across the 
spiral arm is used to prevent the levitated magnet from tilting along the transverse plane.  
Figure 34 shows the load-deflection curve obtained for the spring using COMSOL solid 
mechanics interface under the Structural Mechanics module. Figure 34 also shows the 
load-deflection curve measured experimentally using the apparatus shown in Figure 29 .  
Results from COMSOL simulations are in good agreement with measured data.  
 
Figure 34.  Load-deflection curve of the mechanical spring used in dual-purpose device.  
As shown in Figure 34 , the mechanical spring design adopted in this work 
exhibits linear behavior with a positive stiffness coefficient, 𝐾𝑠𝑠. Both experiment and 
model reveal linear stiffness coefficients, 𝐾𝑠𝑠 of approximately 688.8 [N m
-1] and 681.8 
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[N m-1], respectively. Nonetheless, the magnetic spring exhibits a negative linear stiffness 
coefficient of approximately 𝐾𝑚1 = -70.2 [N m
-1].  Thus, as stated earlier, another 
advantage of the presented design is its ability to reduce the overall stiffness, i.e. 𝐾1 =
𝐾𝑠𝑠 + 𝐾𝑚1 = 618.6 [N m
-1] and resonant frequency of the dual-purpose device.  
 
4.3.3 Vibration isolation and energy harvesting 
The dual functionality of the presented device was tested using experiment setup 
shown in Figure 35. The setup consists of a shaker table (VT-500, SENTEK 
DYNAMICS), power amplifier (LA-800, SENTEK DYNAMICS), vibration controller 
(S81B-P02, SENTEK DYNAMICS), two accelerometers (PCB333B30 model, PCB 
Piezotronics), data acquisition system (NI myDAQ), and a PC.  
 
Figure 35.  Schematic of experimental apparatus used for dynamic characterization of 
the dual-purpose device. 
The dual-purpose device was securely mounted on the shaker table top, and its 
response was measured at predetermined frequencies, i.e. 7-30 [Hz] and accelerations, 
i.e. 0.25 g and 1 g [m/s2]. The voltage output from the dual-purpose device and the 
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acceleration level transmitted to the isolated object were simultaneously measured. 
Induced voltage was measured across a load resistance using decade box (GLOBAL 
SPECIALTIES RDB-10).  
Upon dynamic characterization of the dual-purpose vibration isolator energy 
harvester resonant frequency, 𝜔𝑛, and total damping, 𝑐1 , were estimated. While the dual-
purpose device was held firmly in place, the levitated magnet was brought to a 
predetermined height and then released. In this experiment no external excitation was 
applied, and therefore, the dual-purpose device acted as damped un-driven oscillator. The 
obtained ring-down waveform was then used to estimate resonant frequency, 𝜔𝑛, and 
damping, 𝑐1, using the logarithmic decrement method [93,94]. The estimated resonant 
frequency and total damping of the dual-purpose device were approximately, 55.6 [Rad s-
1], i.e. 8.85 [Hz] and 2.44 [N s-1.m-1], respectively.  This total damping, 𝑐1 = 𝑐𝑎 + 𝑐𝑚 is 
split into 𝑐𝑎 = 2.389  [N.
𝑠
𝑚
] and 𝑐𝑚 = 0.051 [N.
𝑠
𝑚
] where, assuming uniform magnetic 
flux density [59, 89], the magnetic damping is given by 𝑐𝑚 =
(𝑵𝐵𝒍)2
𝑅𝑐𝑜𝑖𝑙+𝑅𝐿𝑜𝑎𝑑
 [59]. These 
measured values were used in model simulations to evaluate performance of the device.  
Next, the apparatus shown in Figure 35 was used to investigate the frequency 
response of the dual-purpose device. As part of the dynamic characterization of the dual-
purpose device, both displacement transmissibility, 𝜂𝑎, and voltage induced in the coil, 
V, were measured. Figure 36a-b shows measured absolute displacement transmissibility, 
𝜂𝑎, of the dual-purpose device at two different accelerations, i.e. 0.25 g and 1.0 g [m/s
2], 
respectively.  The low resonant frequency of the dual-purpose device is evident. This is 
due to the positive and negative stiffness of the mechanical spiral spring and magnetic 
spring, respectively. Figure 36a-b compares model predictions of displacement 
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transmissibility, 𝜂𝑎, against measured data. In addition to model simulation using HBM 
described in (44), a fourth order Runge-Kutta numerical solution was obtained and 
verified against measured data. Close agreement between model predictions and 
measured data is evident at 0.25 g [m/s2].  In general, at both accelerations, 0.25 g and 1.0 
g [m/s2], experiment and models show similar trends. Numerical simulations are in close 
agreement with results from HBM. Nonetheless, at higher acceleration, i.e. 1.0 g [m/s2] 
both Runge-Kutta numerical model and HBM analytical model slightly deviate from 
experiment with maximum shifts from measured data approximately 1.2 [Hz]. This 
discrepancy at higher acceleration levels may be attributed to the presence of nonlinear 
damping [79], experimental error [81, 61], or presumably the experiment apparatus does 
not completely resemble a single degree of freedom system as assumed in our models 
[81].  Additionally, in Ref. [82] similar mismatch between model predictions and 
measured data was observed and attributed to wobbling and lateral vibration.  This is 
especially true in this work because the mismatch grew at higher acceleration, i.e. 1.0 g 
[m/s2] and lateral vibrations were observed at this acceleration during the experiment.  As 
a result, this lateral motion triggers other modes of vibrations that are not accounted for in 
the presented model. This is because the model we present here accounts only for vertical 
displacement.  In Figure 36a-b transmissibility of the dual-purpose device drops to less 
than unity, i.e. 𝜂𝑎<1, at corresponding frequencies, 𝜔 =11.9 and 12.5 [Hz] at 0.25 g and 
1.0 g [m/s2], respectively. This slight shift in frequency at higher excitation levels is due 
to hardening effects. As the excitation levels increased, hardening effects became more 
apparent due to stiffness nonlinearity manifesting itself, which led to shift in frequency 
response of the dual-purpose device.  
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Figure 36.  Displacement transmissibility of the dual-purpose vibration isolator energy 
harvester at a) 0.25g [m s-2]  (TOP) and b) 1g [m s-2] (BOTTOM) obtained from 
experiment and models. 
Figure 37a-b demonstrates the ability of the dual-purpose device to produce 
voltage during the dynamic operation at 0.25 g and 1.0 g [m/s2], respectively. Voltage, V, 
and displacement transmissibility, 𝜂𝑎, measurements were taken simultaneously, under 
81 
the same conditions.  Hardening effects and nonlinear behavior become evident at higher 
acceleration, i.e. 1.0 g [m/s2]. At this acceleration, results show a gradual increase in 
output voltage until Ω = 1. This is then followed by a sharp drop in frequency response 
of the dual-purpose device. This is a unique characteristic of nonlinear Duffing-type 
oscillators known as frequency jump [87, 118]. The voltage shown in Figure 37 was 
measured across a load resistance, 𝑅𝐿𝑜𝑎𝑑 = 900 [Ω]. 
Figure 37.  Output voltage from the dual purpose vibration isolator energy harvester at 
a) 0.25 g [m s-2] (TOP) and b) 1 g [m s-2] (BOTTOM) obtained from experiment and 
models. 
Figure 38a-b shows output power, P, produced by the dual-purpose device. The 
power produced by the device when transmissibility dropped to unity, i.e. 𝜂𝑎 = 1, was 
approximately 0.115 [mW] at 1.0 g [m/s2]. This demonstrates the ability of the proposed 
device to simultaneously isolate the mass and harvest energy from these vibrations. The 
power produced by the dual-purpose device was significantly higher than the power 
recovered by comparable regenerative devices reported in [7] i.e. 5.84 µW and [10, 17], 
i.e. 0.36 µW.  It is worth noting that the main purpose of this article is proof-of-concept 
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testing and demonstrating the ability of the dual-purpose device to simultaneously isolate 
vibrations and scavenge some of these vibrations. This has been achieved in this work. 
Nonetheless, design improvement and parametric study are discussed next.  
Figure 38.   Electric output power recovered by the dual-purpose vibration isolator 
energy harvester at a) 0.25g [m s-2]  (TOP) and b) 1g [m s-2] (BOTTOM) obtained from 
experiment and models. 
 Model simulation and parametric study 
A series of simulation studies was performed in order to assess the performance 
of the dual-purpose device in response to change in system parameters. Specifically, 
linear stiffness, 𝐾1, nonlinear stiffness, 𝐾3, load resistance, 𝑅𝐿𝑜𝑎𝑑, and damping, 𝜉1, 
design parameters were varied while other design parameters were held fixed at nominal 
values measured experimentally. Figure 39a-d shows the sensitivity of transmissibility 
and output power from the dual-purpose device in response to variation in linear stiffness 
coefficient, 𝐾1  at 0.25 g and 1.0 g [m/s
2], respectively.  Results reveal that decreasing the 
linear stiffness coefficient, 𝐾1, lowers the cut-off frequency where transmissibility drops 
to unity, i.e. 𝜂𝑎 = 1.  This is because lower stiffness coefficient, 𝐾1, reduces the resonant 
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frequency of the dual-purpose device by shifting its frequency response to the left. This 
indicates that for a fixed frequency beyond cut-off frequency, decreasing the linear 
stiffness coefficients, 𝐾1, can potentially reduce transmissibility but also lowers output 
power. Additionally, decreasing the linear stiffness coefficient, 𝐾1, results in higher 
power output at 𝜂𝑎 = 1. For instance, at 1.0 g [m/s
2] reducing the linear stiffness 
coefficient from 𝐾1 = 900 N.m
-1 to 𝐾1 = 300 N.m
-1 lowers the cut-off frequency from 
14.61 [Hz] to 8.9 [Hz] and increases output power from 0.06 [mW] to 0.99 [mW], 
respectively. The unique design of the presented dual-purpose device makes it possible to 
achieve this desired characteristic by altering the positive and negative stiffness values 
for the mechanical spring and magnetic spring, respectively.  Moreover, results from 
Figure 39 reveal that a higher excitation level shifts the cut-off frequency slightly. For 
example, for a fixed linear stiffness coefficient,  𝐾1 = 500 N.m
-1, the cut-off frequency 
increases from 10.73 [Hz] to 11.04 [Hz] when the acceleration is increased from 0.25 g to 
1.0 g [m/s2], respectively.  This is presumably due to hardening effects appearing at 
higher level of excitation. Nonetheless, this little increase in cut-off frequency is 





Figure 39.  Effect of linear stiffness coefficient, K1 on device performance: (a) and (c):  
displacement transmissibility at 0.25g and 1g [m/s2], respectively, (b) and (d): generated 
power at 0.25g and 1g[m/s2], respectively. Nominal values RLoad=900 Ω, ξ1=0.11, 
K3=1.368e6 N m
-3. 
That is, the power extracted at  𝐾1 = 500 N.m
-1 increases from 0.0015 [mW] to 
0.29 [mW] when the acceleration level is increased from 0.25 g to 1.0 g [m/s2], 
respectively.   
The sensitivity of the dual-purpose device to variations in nonlinear stiffness 
coefficient,  𝐾3, is shown in  Figure 40 at two different acceleration levels, i.e. 0.25 g and 
1.0 g [m/s2].  For acceleration level of 0.25 g [m/s2], the effect of nonlinear stiffness 
coefficient is insignificant on both transmissibility and power recovery. Beyond 
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frequency peaks, both displacement transmissibility and power harvesting characteristics 
are almost independent from the nonlinear stiffness coefficient, 𝐾3.  At higher 
acceleration level, i.e. 1.0 g [m/s2], the nonlinear stiffness manifests itself and appears as 
a sharp drop in frequency response of both transmissibility and power harvesting curves. 
At 1.0 g [m/s2], it is also noticed that larger nonlinear stiffness coefficients, 𝐾3, show 
stronger nonlinear effects as evident by the sharp drop in frequency response and shift in 
the frequency response to the right, i.e. hardening effects.  
 
Figure 40. Effect of nonlinear stiffness coefficient, K3 on device performance: (a) and 
(c):  displacement transmissibility at 0.25g and 1g [m/s2], respectively, (b) and (d): 
generated power at 0.25g and 1g[m/s2], respectively. Nominal values RLoad=900 Ω, 
ξ1=0.11, K1=618.6 N m
-1. 
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This is because nonlinearity effects become more evident at higher level of 
excitations.  Lastly, for fixed nonlinear stiffness coefficient, 𝐾3 higher acceleration levels 
improve the power output while slightly increase cut-off frequency. At 𝐾3 = 3.5𝑒6 N.m
-3, 
the power output increased from 0.0008 [mW] to 0.122 [mW], while the cut-off frequency 
slightly changed from 11.94 [Hz] to 12.58 [Hz] at 0.25 g to 1.0 g [m/s2], respectively. 
Figure 41 depicts the effect of load resistance, 𝑅𝐿𝑜𝑎𝑑, on transmissibility and power 
generation at both 0.25 g and 1.0 g [m/s2]. Results suggest that there exists an optimum 
load resistance to maximize power extraction. Output power climbs to a maximum value 
and drops afterward. This is expected since maximum power transfer occurs when load 
resistance approximately matches coil resistance, i.e. 𝑅𝐿𝑜𝑎𝑑 ≅ 𝑅𝑐𝑜𝑖𝑙 [11]. It is also evident 
that for the simulated values, i.e. 100 [Ω] < 𝑅𝐿𝑜𝑎𝑑 < 10000 [Ω], the effect of load 
resistance, 𝑅𝐿𝑜𝑎𝑑, on transmissibility is minimal, as suggested in Figure 41.  Nonetheless, 
load resistance minimum contributes to the magnetic damping, 𝑐𝑚.  In the dual-purpose 











Figure 41.  Effect of load resistance, RLoad, on device performance: (a) and (c):  
displacement transmissibility at 0.25g and 1g [m/s2], respectively, (b) and (d): generated 




The effect of total damping, 𝜉1 =
𝐶𝑎+𝐶𝑚
2𝑚𝜔𝑛
, on the performance of the dual-purpose 
device is further investigated in Figure 42. Before cut-off frequency, lower damping 
results in higher transmissibility and increased output power.  Nonetheless, this region of 
operation is not of significance because vibration isolators are meant to operate beyond 
cut-off frequency, i.e. when 𝜂𝑎 ≤ 1. Also, results suggest that the cut-off frequency 
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where transmissibility drops to unity, i.e. 𝜂𝑎 = 1, is almost independent from damping. 
For a fixed frequency beyond cut-off frequency, lower damping reduces transmissibility 
and improves output power. 
Figure 42. Effect of damping, ξ1 on device performance: (a) and (c):  displacement 
transmissibility at 0.25g and 1g [m/s2], respectively, (b) and (d): generated power at 












In this dissertation, we studied a dual purpose vibration isolation energy harvester 
(VI-EH) design. Growing demands of onboard sensors and gadgets that are exposed to 
environmental vibrations highlight the viral role of such devices for next generation of 
technology. In the first step, theoretical study was performed using both numerical 
(Runge-Kutta) and analytical (Harmonic Balance Method or HBM) approaches. Results 
showed that a combination of magnetic spring with positive nonlinear stiffness and 
mechanical spring with negative stiffness is able to shift the cut-off frequency to the 
lower frequencies which improves the transmissibility metrics of the device. Also, it was 
shown that results from HBM method is in good agreement to numerical approach.  In 
the next step, design and fabrication of the prototype using rapid manufacturing 
technique accomplished. To fully understand the behavior and characteristics of the 
device, a full testing setup was built and used to run the experiments. Also, the magnetic 
field simulations and magnetic spring stiffness were simulated using COMSOL software 
and the results were compared to the experimental data. The dynamic tests were 
performed at different accelerations levels to examine the ability of the device to isolate 
vibrations from different input sources. Results showed that the combination of 
mechanical flat spiral spring and magnetic spring reduces the resonant frequency of the 
90 
dual purpose device. Moreover, results demonstrate the ability of the dual-purpose device 
to isolate vibrations and generate useful electric energy during dynamic operation.  
During the experiment, the dual-purpose device successfully attenuated oscillations 
higher than 12.5 [Hz]. The device also produced 26.8 [mW] of output power. 
Nonetheless, since the primary function (vibration isolation) of the VI-EH system is 
achieved harvesting some of the free and abundant kinetic energy contained in these 
oscillations (secondary function) may be useful in the future as power requirements for 
onboard sensors is continuously dropping. However, other design improvements may 
lead to improved power metrics. So, for future works, using a nonlinear damping element 
in the system as well as softening stiffness nonlinearities may be used to improve the 
performance of the system.  
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Symbol Description Unit 
𝐴 Amplitude of input base excitation m 
?̅? Non-dimensional amplitude of input base excitation Unitless 
𝑎 
Projected length of oblique spring in horizontal 
direction 
m 
𝑎0 Length of oblique spring m 
B Magnetic flux density T 
𝑐1 Linear damping coefficient N s m
-1 
𝑐3 Non-linear damping coefficient N s
3m-3 
𝑐𝑎 air viscous damping N s m
-1 
𝑐𝑚 magnetic damping N s m
-1 
𝐹𝑚𝑎𝑔 Magnetic spring force N 
ℱ𝑠  Force of a single oblique spring along its axis N 
𝐹𝑠,𝑎 
Taylor series expansion of total oblique springs force in 
vertical direction. 
N 
𝐹𝑠 Total oblique springs force in vertical direction N 
𝐹𝑡 Total restoring force of the system in vertical direction N 
?̅?𝑡 




Tayler series approximated non-dimensional total 
restoring force  of the system in vertical direction 
Unitless 
?̅? Non-dimensional total stiffness of the system Unitless 
𝐾1 Total linear stiffness coefficient N m
-1 
𝐾3 Total non-linear stiffness coefficient N m
-3 
?̅?𝑎 
Tayler series approximated non-dimensional total 
stiffness of the system 
Unitless 
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𝑘𝑚1 Linear stiffness of magnetic spring N m
-1 
𝑘𝑚3 Non-linear stiffness of magnetic spring N m
-3 
𝑘𝑠 Linear stiffness of oblique spring N m
-1 
𝑘𝑠𝑠 Linear stiffness of spiral spring N m
-1 
m Total mass of isolated object and levitated magnet Kg 
n Number of oblique spring Unitless 
P Output power W 
R Coil resistance Ω 
𝑅𝐿 Load resistance Ω 
𝑡 Time s 
V Induced voltage v 
𝑥 Vertical displacement of moving mass m 
?̅? Non-dimensional response amplitude of the system Unitless 
𝑦 Base excitation m 
   
Greek Symbols 
𝛼 Non-dimensional linear stiffness coefficient Unitless 
𝛽 Non-dimensional nonlinear stiffness coefficient Unitless 
𝛾 Non-dimensional geometric coefficient Unitless 
Λ Degree of nonlinearity Unitless 
𝜂 Displacement transmissibility Unitless 
𝜂𝑎 Absolute transmissibility ratio Unitless 
𝜂𝑒 energy conversion efficiency Unitless 
𝜉1 Non-dimensional linear damping ratio Unitless 
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𝜉3 Non-dimensional non-linear damping ratio Unitless 
𝜎 Non-dimensional geometric Coefficient Unitless 
𝜏 Non-dimensional time scale Rad 
𝜑 Input excitation phase shift Rad 
𝜒 Relative displacement of moving mass m 
?̇? Relative velocity of moving mass m s-1 
?̈? Relative acceleration of moving mass m s-2 
?̅? Non-dimensional relative displacement of moving mass Unitless 
?̅?′ Non-dimensional relative velocity of moving mass Unitless 
?̅?′′ Non-dimensional relative acceleration of  moving mass Unitless 
𝜓 Inclination angle Rad 
𝜔 Input excitation frequency Rad s-1 
𝜔𝑛 Resonant frequency Rad s
-1 
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